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Ââåäåíèå

Àêòóàëüíîñòü òåìû

Íàñòîÿùàÿ äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ðÿäà èçâåñòíûõ çàäà÷
îäíîãî èç öåíòðàëüíûõ ðàçäåëîâ ñîâðåìåííîé äèñêðåòíîé ìàòåìàòèêè � òåîðèè
ãèïåðãðàôîâ. Äàííûå çàäà÷è îòíîñÿòñÿ ê òåîðèè ðàñêðàñîê ãèïåðãðàôîâ, ÷üå âîç-
íèêíîâåíèå êàê ñàìîñòîÿòåëüíîãî íàïðàâëåíèÿ ïðèíÿòî ñâÿçûâàòü ñ êëàññè÷åñêîé
ðàáîòîé 1961 ãîäà Ï. Ýðäåøà è À. Õàéíàëà1. Â íåé àâòîðû ïîñòàâèëè ïåðâóþ
ýêñòðåìàëüíóþ çàäà÷ó î ðàñêðàñêàõ ãèïåðãðàôîâ, íûíå èçâåñòíóþ êàê ïðîáëåìó
Ýðäåøà�Õàéíàëà. Â äàëüíåéøåì Ýðäåø è Õàéíàë ââåëè ïîíÿòèå õðîìàòè÷åñêîãî
÷èñëà ãèïåðãðàôà, è â ýòèõ òåðìèíàõ èõ ïðîáëåìó ìîæíî ñôîðìóëèðîâàòü ñëåäó-
þùèì îáðàçîì: íàéòè âåëè÷èíó m(n, r), ðàâíóþ ìèíèìàëüíî âîçìîæíîìó ÷èñëó
ðåáåð ãèïåðãðàôà â êëàññå n-îäíîðîäíûõ ãèïåðãðàôîâ ñ õðîìàòè÷åñêèì ÷èñëîì
áîëüøå r. Îòìåòèì, ÷òî âîïðîñ ëåãêî íàõîäèò îòâåò â ñëó÷àå ãðàôîâ, ïðè n = 2,
íî ñòàíîâèòñÿ íåòðèâèàëüíûì ïðè ëþáûõ n > 2 è â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ öåí-
òðàëüíûì â òåîðèè ðàñêðàñîê ãèïåðãðàôîâ. Èçó÷åíèþ ïðîáëåìû Ýðäåøà�Õàéíàëà
ïîñâÿùåíû ðàáîòû òàêèõ êëàññèêîâ êîìáèíàòîðíîé ìàòåìàòèêè, êàê Ë. Ëîâàñ2,
Í. Àëîí3, Ï. Ñåéìóð4, É. Áåê5, Äæ. Ñïåíñåð6, À.Â. Êîñòî÷êà7 è äð. Â ïîñëåäíåå
äåñÿòèëåòèå çàäà÷à èçó÷àëàñü îñîáåííî àêòèâíî, òóò ñòîèò âûäåëèòü ðàáîòû À.
Ïëóõàðà8, Ä.À. Øàáàíîâà9, Õ. Ãåáàóýð10, ß. Êîçèêà, Ä.Ä. ×åðêàøèíà11 è äð.

1P. Erd�os, A. Hajnal, �On a property of families of sets�, Añta Mathematiña of the Añademy of Sñienñes, Hungary,
12:1-2 (1961), 87�123.

2P. Erd�os, L. Lov�asz, �Problems and results on 3-chromatic hypergraphs and some related questions�, In�nite and
Finite Sets, Colloquia Mathematica Societatis Janos Bolyai, 10, Amsterdam: North Holland, 1973, 609�627

3N. Alon, �Hypergraphs with high chromatic number�, Graphs and Combinatorics, 1:1 (1985), 387�389
4P. D. Seymour, �A note on a combinatorial problem of Erd�os and Hajnal�, J. London Math. Soc., 8:2 (1974),

681�682.
5J. Beck, �On a combinatorial problem of P. Erd�os and L. Lov�asz�, Discrete Math.,17:2 (1977), 127�131.
6J. Spencer, �Coloring n-sets red and blue�, J. Combin. Theory Ser. A, 30:1 (1981),112�113
7A. V. Kostochka, �Coloring uniform hypergraphs with few colors�, Random Structures Algorithms, 24:1 (2004),

1�10
8A. Pluh�ar, �Greedy colorings for uniform hypergraphs�, Random Structures Algorithms, 35:2 (2009)
9Ä. À.Øàáàíîâ, �Î õðîìàòè÷åñêîì ÷èñëå êîíå÷íûõ ñèñòåì ïîäìíîæåñòâ�, Ìàòåì.çàìåòêè, 85:6 (2009), 951�954;

àíãë. ïåð.: D. A. Shabanov, �On the chromatic number of �nite systems of subsets�, Math. Notes, 85:6 (2009), 902�905.
10H. Gebauer, �On the construction of 3-chromatic hypergraphs with few edges�, Journal of Combinatorial Theory,

Series A, 120 (2013), 1483�1490.
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Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò î÷åíü ìíîãî ðàçëè÷íûõ îáîáùåíèé ïðîáëåìû
Ýðäåøà�Õàéíàëà. Îäíà ÷àñòü èç íèõ ñâÿçàíà ñ èçó÷åíèåì íåêîòîðîãî ñïåöèàëü-
íîãî ïîäêëàññà ïîëíîãî êëàññà n-îäíîðîäíûõ ãèïåðãðàôîâ ñ áîëüøèì õðîìàòè-
÷åñêèì ÷èñëîì, îïðåäåëÿåìîãî îãðàíè÷åíèÿìè íà ñòðóêòóðó ãèïåðãðàôà. Âòîðîå
íàïðàâëåíèå ðàññìàòðèâàåò çàïðåòû íà íàëè÷èå äðóãèõ ðàñêðàñîê, à íå òîëüêî
ïðàâèëüíûõ r-ðàñêðàñîê. Òðåòèé êëàññ çàäà÷ èçó÷àåò ýêñòðåìàëüíîå çíà÷åíèå íå
÷èñëà ðåáåð, à äðóãîé õàðàêòåðèñòèêè ãèïåðãðàôà. Â ïîñëåäíåå äåñÿòèëåòèå ïî-
ÿâèëñÿ çíà÷èòåëüíûé èíòåðåñ ê, òàê íàçûâàåìûì, îíëàéí ðàñêðàñêàì, îòíîñÿùèì-
ñÿ è ê àëãîðèòìè÷åñêèì âîïðîñàì òåîðèè ãèïåðãðàôîâ. Â îáùåì âèäå ïðîáëåìó
òèïà Ýðäåøà�Õàéíàëà ìîæíî ñôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì: �íàéòè ìè-
íèìàëüíî âîçìîæíîå çíà÷åíèå íåêîòîðîé õàðàêòåðèñòèêè ãèïåðãðàôà (÷èñëî ðå-
áåð, ìàêñèìàëüíàÿ ñòåïåíü âåðøèíû, ò.ï.) â êëàññå n-îäíîðîäíûõ ãèïåðãðàôîâ,
íå äîïóñêàþùèõ ðàñêðàñîê ñïåöèàëüíîãî âèäà (íàïðèìåð, ïðàâèëüíûõ r-ðàñêðàñîê,
ïîëíîöâåòíûõ r-ðàñêðàñîê, ïðåäïèñàííûõ ðàñêðàñîê è ò.ä.), à òàêæå, âîçìîæ-
íî, îáëàäàþùèõ äîïîëíèòåëüíûìè ñòðóêòóðíûìè ñâîéñòâàìè (b-ïðîñòîé ãè-
ïåðãðàô, ñ îáõâàòîì áîëüøå s è ò.ï.)�.

Îäíîé èç ôóíäàìåíòàëüíûõ ðàáîò ïî òåîðèè ðàñêðàñîê ãèïåðãðàôîâ ÿâëÿåò-
ñÿ çíàìåíèòàÿ ñòàòüÿ 1973 ãîäà Ï. Ýðäåøà è Ë. Ëîâàñà, â êîòîðîé îíè ïîñòàâèëè
ðÿä ïðîáëåì, à òàêæå ïðåäëîæèëè îäèí èç îñíîâíûõ âåðîÿòíîñòíûõ èíñòðóìåíòîâ
ñîâðåìåííîé êîìáèíàòîðèêè � Ëîêàëüíóþ ëåììó. Â ýòîé ñòàòüå àâòîðàìè áûëà
äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè n-îäíîðîäíîãî ãèïåðãðàôà ñ õðîìàòè÷åñêèì
÷èñëîì áîëüøå r è îáõâàòîì áîëüøå s äëÿ ëþáûõ n > 3, r > 2, s > 2. Áîëåå òî-
ãî, îíè ïîêàçàëè, ÷òî ÷èñëî ðåáåð è ìàêñèìàëüíóþ ñòåïåíü âåðøèíû â ïîäîáíîì
ãèïåðãðàôå ìîæíî ðàçóìíî îãðàíè÷èòü ñâåðõó. Òåì ñàìûì, áûëî ïîëîæåíî íà÷à-
ëî èçó÷åíèþ ýêñòðåìàëüíîé âåëè÷èíû m(n, r, s), ðàâíîé ìèíèìàëüíî âîçìîæíîìó
÷èñëó ðåáåð ãèïåðãðàôà â êëàññå n-îäíîðîäíûõ ãèïåðãðàôîâ ñ õðîìàòè÷åñêèì
÷èñëîì áîëüøå r è îáõâàòîì áîëüøå s. Èçó÷åíèþ m(n, r, s) â ðàçíîå âðåìÿ áûëè
ïîñâÿùåíû ðàáîòû Ç. Ñàáî12, À.Â. Êîñòî÷êè, Ä. Ìóáàè, Â. Ð¼äëÿ, Ï. Òåòàëè13, À.
Ôðèçà, Ò, Áîìàíà14, Ä.À. Øàáàíîâà15 è äðóãèõ àâòîðîâ, ÷òî ãîâîðèò îá èíòåðåñå,

11Cherkashin, J. Kozik, �A note on random greedy coloring of uniform hypergraphs�, Random Structures and
Algorithms, 47:3 (2015), 407�413.

12Z. Szab�o, �An application of Lovasz Local Lemma � a new lower bound for the vander Waerden number�, Random
Structures Algorithms, 1:3 (1990), 343�360.

13A.V. Kostochka, D. Mubayi, V. R�odl, P. Tetali, �On the chromatic number of set systems�, Random Structures

and Algorithms, 19:2 (2001), 87�98.
14T. Bohman, A. Frieze, D. Mubayi, �Coloring H-free hypergraphs�, Random Structures Algorithms, 36:1 (2010),

11�25.
15Ä. À. Øàáàíîâ, �Î íèæíèõ îöåíêàõ â êîìáèíàòîðíîé çàäà÷å Ýðäåøà�Ëîâàñà�, Äîêë. ÐÀÍ, 431:5 (2010),

602�604; àíãë. ïåð.: D. A. Shabanov, �Lower bounds in the combinatorial problem of Erd�os and L. Lov�asz�, Dokl.
Math., 81:2 (2010), 286�288.
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êîòîðûé ïðåäñòàâëÿåò äàííàÿ çàäà÷à. Íåñìîòðÿ íà ýòî, çàçîð ìåæäó èçâåñòíûìè
âåðõíèìè è íèæíèìè îöåíêàìè ýòîé âåëè÷èíû âñå åùå îñòàåòñÿ äîñòàòî÷íî ñó-
ùåñòâåííûì, ÷òî ãîâîðèò îá àêòóàëüíîñòè ïîëó÷åíèÿ íîâûõ ïðîäâèæåíèé â íåé.
Ïðåäñòàâëåííûå â ïåðâîé ãëàâå äàííîé ðàáîòû ðåçóëüòàòû ïîçâîëÿþò óëó÷øèòü
èçâåñòíûå íèæíèå îöåíêè m(n, r, s) äëÿ s > 5.

Âòîðàÿ ãëàâà äèññåðòàöèîííîé ðàáîòû ïîñâÿùåíà çàäà÷å îá îíëàéí ïðåäïèñàí-
íîì õðîìàòè÷åñêîì ÷èñëå ïîëíîãî r-äîëüíîãî k-îäíîðîäíîãî ãèïåðãðàôàH(m, r, k)
ñ ðàâíûìè ðàçìåðàìè äîëåém. Ïîíÿòèå ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà, êàê
è ïîíÿòèå ïðåäïèñàííîé ðàñêðàñêè, ïîÿâèëîñü íåçàâèñèìî â ðàáîòàõ Â.Ã. Âèçèí-
ãà16 è Ï. Ýðäåøà, À.Ë. Ðóáèíà, Ã. Òåéëîðà17. Îäíèì èç ïåðâûõ ðåçóëüòàòîâ îòíî-
ñèòåëüíî ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà ñòàë òîò ôàêò, ÷òî ïðåäïèñàííîå
õðîìàòè÷åñêîå ÷èñëî ìîæåò áûòü çíà÷èòåëüíî áîëüøå îáû÷íîãî õðîìàòè÷åñêîãî
÷èñëà. Ï. Ýðäåø ñ ñîàâòîðàìè ïîêàçàëè, ÷òî ïðåäïèñàííîå õðîìàòè÷åñêîå ÷èñëî
ïîëíîãî äâóäîëüíîãî ãðàôà Km,m ðàñòåò êàê äâîè÷íûé ëîãàðèôì m. Â íåäàâíåé
ðàáîòå18 Ë. Äþðàé, Ã. Ãóòîâñêèé è ß. Êîçèê äîêàçàëè èíòåðåñíûé ôàêò, ÷òî ïðåä-
ïèñàííîå îíëàéí õðîìàòè÷åñêîå ÷èñëî èìååò òó æå ñàìóþ àñèìïòîòèêó, îäíàêî
ðàçíîñòü ìåæäó îíëàéí ïðåäïèñàííûì è ïðåäïèñàííûì õðîìàòè÷åñêèìè ÷èñëàìè
Km,m ìîæåò áûòü ñêîëü óãîäíî âåëèêà.

Äàëåå ïîñëåäîâàëè ðàáîòû, ïî-ðàçíîìó îáîáùàþùèå ðåçóëüòàò Ýðäåøà è ñîàâ-
òîðîâ. Çíà÷èòåëüíîå ÷èñëî ðàáîò ïîñâÿùåíî ïîèñêó àñèìïòîòè÷åñêîãî ïîâåäåíèÿ
ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà ïîëíîãî r-äîëüíîãî ãðàôà Km∗r, ñðåäè àâòî-
ðîâ âûäåëèì Õ. Êèåðñòåäà19, Ì. Êðèâåëåâè÷à, Í. Ãàçèòà20, Ä.À. Øàáàíîâà21. Ï.
Õàêñåëë è Æ. Âåðñòðàòå22 îòûñêàëè àñèìïòîòèêó ïðåäïèñàííîãî õðîìàòè÷åñêîãî
÷èñëà ïîëíîãî r-äîëüíîãî r-îäíîðîäíîãî ãèïåðãðàôà ñ ìîùíîñòüþ êàæäîé äîëè
ðàâíîé m. Ñîâñåì íåäàâíî Ä.À. Øàáàíîâ è Ò.Ì. Øàéõååâà23 îáîáùèëè ïðåäûäó-
ùèå ðåçóëüòàòû è óñòàíîâèëè àñèìïòîòèêó ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà

16Â.Ã. Âèçèíã, �Ðàñêðàñêà âåðøèí ãðàôà â ïðåäïèñàííûå öâåòà�,Ìåòîäû äèñêðåòíîãî àíàëèçà â òåîðèè êîäîâ

è ñõåì: ñáîðíèê íàó÷íûõ òðóäîâ, Èçä-âî Èíñòèòóòà ìàòåìàòèêè ÑÎ ÀÍ ÑÑÑÐ, Íîâîñèáèðñê, 29 (1976), 3�10
17P. Erd�os, A. L. Rubin and H. Taylor, �Choosability in graphs�, Proc. West Coast Conference on Combinatorics,

Graph Theory and Computing, 1979, Congr. Numer. 26 (1980), 125�157.
18L. Duraj, G. Gutowski, J. Kozik, �Chip games and paintability�, Electronic Journal of Combinatorics, 23:3 (2016),

Paper �P3.3.
19H.A. Kierstead, �On the choosability of complete multipartite graphs with part size three�, Discrete Mathematics,

211:1-3, (2000), 255-259.
20N. Gazit and M. Krivelevich, �On the asymptotic value of the choice number of complete multi-partite graphs�,

Journal of Graph Theory, 52 (2006), 123�134.
21D.A. Shabanov, �On a generalization of Rubin's theorem�, Journal of Graph Theory, 67:3 (2011), 226�234.
22P. Haxell, J. Verstra�ete, �List coloring hypergraphs�, Electronic Journal of Combinatorics, 17 (2010), Research

paper N 129.
23D.A. Shabanov, T.M. Shaikheeva, �On the list chromatic number of the complete multi-partite hypergraphs

and multiple coverings by independent sets�, preprint, https://mipt.ru/education/chairs/dm/laboratoriya-prodvinutoy-
kombinatoriki-i-setevykh-prilozheniy/preprinty.
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äëÿ ïîëíîãî r-äîëüíîãî k-îäíîðîäíîãî ãèïåðãðàôà H(m, r, k) ñ ìîùíîñòüþ êàæ-
äîé äîëè m, êàæäîå ðåáðî êîòîðîãî ñîäåðæèò ðîâíî îäíó âåðøèíó èç íåêîòîðûõ
k < r äîëåé. Ìîæíî ñìåëî óòâåðæäàòü, ÷òî ïðåäñòàâëåííûå âî âòîðîé ãëàâå äàí-
íîé ðàáîòû ðåçóëüòàòû îá àñèìïòîòè÷åñêîì ïîâåäåíèè îíëàéí ïðåäïèñàííîãî õðî-
ìàòè÷åñêîãî ÷èñëà ãèïåðãðàôà H(m, r, k) ÿâëÿþòñÿ àêòóàëüíûìè è íàõîäÿòñÿ â
òðåíäå ìèðîâûõ èññëåäîâàíèé.

Òðåòüå íàïðàâëåíèå èññëåäîâàíèé äèññåðòàöèè ñâÿçàíî ñ ðàñêðàñêàìè ñëó÷àé-
íûõ ãèïåðãðàôîâ â áèíîìèàëüíîé ìîäåëè H(n, k, p). Äàííàÿ ìîäåëü õîðîøî èç-
âåñòíà, â ïåðâóþ î÷åðåäü, â ñëó÷àå ãðàôîâ: G(n, p) = H(n, 2, p). Ñëó÷àéíûé ãðàô
G(n, p) ÿâëÿåòñÿ îäíèì èç îñíîâíûõ îáúåêòîâ èçó÷åíèÿ â âåðîÿòíîñòíîé êîìáèíà-
òîðèêå, åãî ñèñòåìàòè÷åñêîå èññëåäîâàíèå íà÷àëîñü ñ êëàññè÷åñêèõ ðàáîò Ï. Ýð-
äåøà è À. Ðåíüè24,25. Îñíîâíûå ðåçóëüòàòû ñôîðìèðîâàâøåéñÿ â íàñòîÿùåå âðåìÿ
òåîðèè ìîãóò áûòü íàéäåíû â ìîíîãðàôèÿõ Á. Áîëëîáàøà26 è Ñ. ßíñîíà, Ò. Ëó-
÷àêà, À. Ðó÷èíñêîãî27. Çàäà÷à î õðîìàòè÷åñêîì ÷èñëå ñëó÷àéíîãî ãðàôà G(n, p)
âñåãäà íàõîäèëàñü â öåíòðå èíòåðåñà èññëåäîâàòåëåé ïî òåîðèè ñëó÷àéíûõ ãðàôîâ.
Åå èçó÷åíèþ ïîñâÿùåíû ðàáîòû òàêèõ èçâåñòíûõ ìàòåìàòèêîâ, êàê Äæ. Ãðèììåò,
Ê. Ìàêäèàðìèä28, Á. Áîëëîáàø29, Ò. Ëó÷àê30, Äæ. Ñïåíñåð, Í. Àëîí, Ì. Êðèâå-
ëåâè÷31, Ä. Àõëèîïòàñ, À. Êîäæà-Îãëàí32 è ìíîãèå äð. Â ãèïåðãðàôàõ ïîíÿòèå
ïðàâèëüíîé ðàñêðàñêè ìîæíî îïðåäåëèòü ïî-ðàçíîìó. Â òðåòüåé ãëàâå èçó÷àåò-
ñÿ âîïðîñ î âîçìîæíîñòè ñèëüíîé ðàñêðàñêè ñëó÷àéíîãî ãèïåðãðàôà H(n, k, p) â
r öâåòîâ. Èçó÷åíèþ õðîìàòè÷åñêîãî ÷èñëà H(n, k, p) è ñèëüíîãî õðîìàòè÷åñêîãî
÷èñëà H(n, k, p) ïîñâÿùåíû ðàáîòû Äæ. Øìèäò, Ý. Øàìèðà33, Ì. Êðèâåëåâè÷à,
Á. Ñóäàêîâà34, À. Êîäæà-Îãëàíà35, À. Ôðèçà, Ê. Ãðèíõèëë36, Ä.À. Øàáàíîâà37 è

24P. Erd�os, A. R�enyi, �On random graphs I�, Publ. Math. Debrecen, 6 (1959), 290�297.
25P. Erd�os, A. R�enyi, �On the evolution of random graphs�, Publications of the Mathematical Institute of of the

Hungarian Academy of Sciences, 5:1�2 (1960), 17�61.
26B. Bollob�as, Random graphs, Cambridge University Press, Cambridge, 2001.
27S. Jansen, T.  Luczak, A. Rucinski, Random graphs, Wiley-Interscience, New York, 2000.
28G. Grimmett, C. McDiarmid, �On colouring random graphs�, Mathematical Proceedings of the Cambridge

Philosophical Society, 77:2 (1975), 313�324.
29B. Bollob�as, �The chromatic number of random graphs�, Combinatorica, 8:1 (1988), 49�56.
30T.  Luczak, �The chromatic number of random graphs�, Combinatorica, 11:1 (1991), 45�54.
31N. Alon, M. Krivelevich, �The concentration of the chromatic number of random graphs�, Combinatorica, 17:3

(1997), 303�313.
32A. Coja�Oghlan, K. Panagiotou, A. Steger, �On the chromatic number of random graphs�, Journal of

Combinatorial Theory, Series B, 98 (2008), 980�993.
33J. Schmidt-Pruzan, E. Shamir, E. Upfal, �Random hypergraph coloring algorithms and the weak chromatic

number�, Journal of Graph Theory, 8 (1985), 347�362.
34M. Krivelevich, B. Sudakov, �The chromatic numbers of random hypergraphs�, Random Structures and Algorithms,

12:4 (1998), 381�403.
35A. Coja-Oghlan, L. Zdeborov�a, �The condensation transition in random hypergraph 2-coloring�, Proc. 23rd Annual

ACM SIAM Symposium on Discrete Algorithms, SIAM, 2012, 241�250.
36M. Dyer, A. Frieze, C. Greenhill, �On the chromatic number of a random hypergraph�, Journal of Combinatorial

Theory, Series B, 113 (2015), 68�122.
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äð. Â òðåòüåé ãëàâå íàñòîÿùåé äèññåðòàöèè ïîëó÷åíà íîâàÿ îöåíêà òî÷íîé ïîðî-
ãîâîé âåðîÿòíîñòè ñóùåñòâîâàíèÿ ñèëüíîé ðàñêðàñêè â r-öâåòîâ ó 4-îäíîðîäíîãî
ñëó÷àéíîãî ãèïåðãðàôà H(n, 4, p).

Ïîäâåäåì èòîãè. Â äèññåðòàöèè èçó÷àþòñÿ õîðîøî èçâåñòíûå è àêòóàëüíûå çà-
äà÷è òåîðèè ãèïåðãðàôîâ, íàõîäÿùèåñÿ â öåíòðå ìèðîâûõ èññëåäîâàíèé ïî êîì-
áèíàòîðèêå.

Öåëü ðàáîòû

Öåëüþ íàñòîÿùåé äèññåðòàöèîííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå èçâåñòíûõ
ïðîáëåì òåîðèè ðàñêðàñîê ãèïåðãðàôîâ. Îñíîâíûìè çàäà÷àìè ÿâëÿþòñÿ:

1. èññëåäîâàíèå ýêñòðåìàëüíîé ïðîáëåìû êîìáèíàòîðíîãî àíàëèçà îá îòûñêà-
íèè ìèíèìàëüíî âîçìîæíîãî êîëè÷åñòâà ðåáåð â n-îäíîðîäíîì ãèïåðãðàôå ñ
õðîìàòè÷åñêèì ÷èñëîì áîëüøå r è îáõâàòîì áîëüøå s;

2. èññëåäîâàíèå îíëàéí ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà ïîëíûõ ìíîãî-
äîëüíûõ ãèïåðãðàôîâ;

3. èññëåäîâàíèå îíëàéí àíàëîãîâ ýêñòðåìàëüíûõ çàäà÷ î ðàñêðàñêàõ ãèïåðãðà-
ôîâ;

4. èçó÷åíèå òî÷íîé ïîðîãîâîé âåðîÿòíîñòè ñóùåñòâîâàíèÿ ñèëüíîé ðàñêðàñêè â
r-öâåòîâ ó 4-îäíîðîäíîãî ñëó÷àéíîãî ãèïåðãðàôà â áèíîìèàëüíîé ìîäåëè.

Íàó÷íàÿ íîâèçíà

Îñíîâíûå ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè è ïîëó÷åíû àâòîðîì ñàìîñòî-
ÿòåëüíî.

Ìåòîäû èññëåäîâàíèÿ

Â íàñòîÿùåé äèññåðòàöèîííîé ðàáîòå èñïîëüçîâàíû êîìáèíàòîðíûå è âåðîÿò-
íîñòíûå ìåòîäû òåîðèè ãèïåðãðàôîâ. Â ïåðâîé ãëàâå äîêàçàòåëüñòâà îïèðàþòñÿ
íà ìåòîä ñëó÷àéíîé ïåðåêðàñêè. Âî âòîðîé ãëàâå èñïîëüçóåòñÿ ñâÿçü ïðåäïèñàí-
íûõ ðàñêðàñîê ïîëíûõ ìíîãîäîëüíûõ ãðàôîâ è ãèïåðãðàôîâ ñ ýêñòðåìàëüíûìè

37Ä.À. Øàáàíîâ, �Î êîíöåíòðàöèè õðîìàòè÷åñêîãî ÷èñëà ñëó÷àéíîãî ãèïåðãðàôà�, Äîêëàäû Àêàäåìèè Íàóê,
475:1 (2017), 24�28.
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çàäà÷àìè î ðàñêðàñêàõ ãèïåðãðàôîâ. Â òðåòüåé ãëàâå îñíîâíûì èíñòðóìåíòîì äî-
êàçàòåëüñòâ ÿâëÿåòñÿ ìåòîä âòîðîãî ìîìåíòà.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ öåííîñòü

Äèññåðòàöèîííàÿ ðàáîòà íîñèò òåîðåòè÷åñêèé õàðàêòåð. Åå ðåçóëüòàòû è ìå-
òîäû, êîòîðûìè îíè ïîëó÷åíû, ìîãóò íàéòè ïðèìåíåíèÿ â èññëåäîâàíèÿõ ïî ýêñ-
òðåìàëüíûì è âåðîÿòíîñòíûì çàäà÷àì òåîðèè ãèïåðãðàôîâ, ïî òåîðèè Ðàìñåÿ è
àääèòèâíîé êîìáèíàòîðèêå.

Ïîëîæåíèÿ, âûíîñèìûå íà çàùèòó

Â äèññåðòàöèîííîé ðàáîòå áûëè èññëåäîâàíû àêòóàëüíûå çàäà÷è ýêñòðåìàëü-
íîé êîìáèíàòîðèêè è òåîðèè ãèïåðãðàôîâ. Îñíîâíûå ïîëó÷åííûå ðåçóëüòàòû ñî-
ñòîÿò â ñëåäóþùåì:

• ïîëó÷åíû íîâûå îöåíêè âåëè÷èíû m(n, r, s), ðàâíîé ìèíèìàëüíîìó ÷èñëó ðå-
áåð â n-îäíîðîäíîì ãèïåðãðàôå ñ õðîìàòè÷åñêèì ÷èñëîì áîëüøå r è îáõâàòîì
áîëüøå s;

• äîêàçàí ñòðóêòóðíûé ðåçóëüòàò î êîëè÷åñòâåííîé ñâÿçè õàðàêòåðèñòèê îäíî-
ðîäíîãî ãèïåðãðàôà ñ áîëüøèì îáõâàòîì è áîëüøèì õðîìàòè÷åñêèì ÷èñëîì;

• íàéäåíà àñèìïòîòèêà îíëàéí ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà ïîëíîãî
r-äîëüíîãî k-îäíîðîäíîãî ãèïåðãðàôà H(m, r, k);

• îáîñíîâàíà íîâàÿ íèæíÿÿ îöåíêà òî÷íîé ïîðîãîâîé âåðîÿòíîñòè ñóùåñòâîâà-
íèÿ ñèëüíîé ðàñêðàñêè â r-öâåòîâ ó ñëó÷àéíîãî 4-îäíîðîäíîãî ãèïåðãðàôà â
áèíîìèàëüíîé ìîäåëè H(n, 4, p).

Àïðîáàöèÿ ðåçóëüòàòîâ

Ðåçóëüòàòû ðàáîòû áûëè ïðåäñòàâëåíû íà ñëåäóþùèõ êîíôåðåíöèÿõ:

1. 57-ÿ íàó÷íàÿ êîíôåðåíöèÿ ÌÔÒÈ, ïîñâÿùåííàÿ 120-ëåòèþ ñî äíÿ ðîæäåíèÿ
Ï.Ë. Êàïèöû (Äîëãîïðóäíûé, 24-29 íîÿáðÿ 2014 ãîäà);

2. 59-ÿ íàó÷íàÿ êîíôåðåíöèÿ ÌÔÒÈ (Äîëãîïðóäíûé, 21-26 íîÿáðÿ 2016 ãîäà);

3. 60-ÿ íàó÷íàÿ êîíôåðåíöèÿ ÌÔÒÈ (Äîëãîïðóäíûé, 20-25 íîÿáðÿ 2017 ãîäà).
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Ïóáëèêàöèè

Ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â ðàáîòàõ [A1]�[A4]. Âñåãî ïî òåìå îïóá-
ëèêîâàíî ÷åòûðå ðàáîòû, èç íèõ òðè â ñîàâòîðñòâå. Ðàáîòû [A1], [A2] îïóáëèêî-
âàíû â èçäàíèÿõ, èíäåêñèðóåìûõ Scopus è Web of Science. Ðàáîòû [A3] è [A4]
îïóáëèêîâàíû â æóðíàëàõ, âõîäÿùèõ â ïåðå÷åíü ÂÀÊ. Âñå ðåçóëüòàòû äàííîé
äèññåðòàöèè, âêëþ÷àÿ ðåçóëüòàòû, îïóáëèêîâàííûå â ñîâìåñòíûõ ðàáîòàõ, áûëè
ïîëó÷åíû àâòîðîì äèññåðòàöèè ñàìîñòîÿòåëüíî.

Ñòðóêòóðà ðàáîòû

Íàñòîÿùàÿ äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, òðåõ ãëàâ, çàêëþ÷åíèÿ è ïðèëî-
æåíèÿ. Ïîëíûé îáúåì äèññåðòàöèè ñîñòàâëÿåò 83 ñòðàíèöû. Ñïèñîê ëèòåðàòóðû
ñîäåðæèò 60 íàèìåíîâàíèé.

Îñíîâíîå ñîäåðæàíèå ðàáîòû

Ïåðâàÿ ãëàâà äèññåðòàöèè ñîñòîèò èç 5 ïàðàãðàôîâ è ïîñâÿùåíà ýêñòðåìàëü-
íîé ïðîáëåìå êîìáèíàòîðíîãî àíàëèçà îá îòûñêàíèè ìèíèìàëüíî âîçìîæíîãî êî-
ëè÷åñòâà ðåáåð n-îäíîðîäíîãî ãèïåðãðàôà ñ îáõâàòîì áîëüøå s è õðîìàòè÷åñêèì
÷èñëîì áîëüøå r. Ôîðìàëüíî äàííóþ âåëè÷èíó ìîæíî çàïèñàòü ñëåäóþùèì îáðà-
çîì:

m(n, r, s) = min{|E(H)| : H − n-îäíîðîäíûé, χ(H) > r, g(H) > s}.

Â ïàðàãðàôå 1.1 ïðèâîäèòñÿ èñòîðèÿ çàäà÷è è îñíîâíûå îïðåäåëåíèÿ. Òàê æå ðàñ-
ñìàòðèâàþòñÿ èçâåñòíûå ðåçóëüòàòû èññëåäîâàíèé, ïîñâÿùåííûõ èçó÷åíèþ âåëè-
÷èíû m(n, r, s).

Â ïàðàãðàôå 1.2 ôîðìóëèðóåòñÿ òåîðåìà, óëó÷øàþùàÿ ðåçóëüòàò Êîñòî÷êè è
Êóìáõâàòà38 äëÿ ñëó÷àÿ ãèïåðãðàôîâ ñ îáõâàòîì áîëüøå ïÿòè.

Ïóñòü H = (V,E) � n-îäíîðîäíûé ãèïåðãðàô, à δ � íåêîòîðîå ïîëîæèòåëüíîå
÷èñëî. Âåðøèíà v ∈ V íàçûâàåòñÿ δ-ëåãêîé, åñëè åå ñòåïåíü â ãèïåðãðàôå H íå
ïðåâîñõîäèò δ. Â ïðîòèâíîì ñëó÷àå, âåðøèíà íàçûâàåòñÿ δ-òÿæåëîé. Ðåáðî íàçû-
âàåòñÿ δ-òÿæåëûì, åñëè â íåì áîëåå ïîëîâèíû âåðøèí ÿâëÿþòñÿ δ-òÿæåëûìè. Â
ïðîòèâíîì ñëó÷àå ðåáðî íàçûâàåòñÿ δ-ëåãêèì.

38A.V. Kostochka, M. Kubmhat, �Coloring uniform hypergraphs with few edges�, Random Structures and Algorithms,
35:3 (2009), 348�368.
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Òåîðåìà 1. Ïóñòü a0 > 0 � ôèêñèðîâàííîå ÷èñëî. Òîãäà ñóùåñòâóþò òàêèå
ïîëîæèòåëüíûå c = c(a0) è n0 = n0(a0), ÷òî ïðè δ = δ(n) = c · rn−1 è n > n0

äëÿ ëþáîãî n-îäíîðîäíîãî ãèïåðãðàôà H = (V,E) ñ îáõâàòîì áîëüøå ïÿòè è ñ
óñëîâèÿìè:

(1.C.1) ∆(H) 6 na0rn−1,

(1.C.2) êàæäàÿ âåðøèíà H ñîäåðæèòñÿ íå áîëåå ÷åì â c ·rn−1 δ � òÿæåëûõ
ðåáðàõ,

âûïîëíåíî χ(H) 6 r.

Íîâûå íèæíèå îöåíêè äëÿ âåëè÷èíû m(n, r, s) ïðè 5 6 s < n/2 äîêàçûâàþòñÿ
â äàííîì ïàðàãðàôå, êàê ñëåäñòâèå èç òåîðåìû 1.

Ñëåäñòâèå 1. Ñóùåñòâóåò òàêàÿ àáñîëþòíàÿ êîíñòàíòà c > 0, ÷òî äëÿ 5 6
s < n/2 âûïîëíåíî

m(n, r, s) > cbs/2cr(n−s)(bs/2c+1) ïðè ÷åòíîì s;

m(n, r, s) > cbs/2cn r(n−s)(bs/2c+1) ïðè íå÷åòíîì s.

Â ïàðàãðàôå 1.3 ïðèâîäèòñÿ ôîðìóëèðîâêà è äîêàçàòåëüñòâî âàðèàíòà Ëîêàëü-
íîé ëåììû, ïðåäëîæåííîé â ðàáîòå Êîçèêà è Øàáàíîâà39. Äàííàÿ ëåììà ïîçâîëÿ-
åò äîêàçûâàòü ïîëîæèòåëüíîñòü âåðîÿòíîñòè îäíîâðåìåííîãî íåâûïîëíåíèÿ ðÿäà
ñîáûòèé â óñëîâèÿõ ñëàáîé çàâèñèìîñòè. Ëîêàëüíàÿ ëåììà ÿâëÿåòñÿ îñíîâíûì
èíñòðóìåíòîì äîêàçàòåëüñòâà òåîðåìû 1.

Òåîðåìà 2. (Ëîêàëüíàÿ ëåììà). Ïóñòü X1, . . . , XN � íåçàâèñèìûå ñëó÷àéíûå
âåêòîðû, à A1, . . . ,AM � ñîáûòèÿ èç àëãåáðû, ïîðîæäåííîé èìè. Îáîçíà÷èì
÷åðåç vln(Aj) � òàêîé ìèíèìàëüíûé íàáîð âåêòîðîâ Xi, ÷òî Aj ∈ σ(Xi : i ∈
vln(Aj)). Ââåäåì äëÿ êàæäîãî i = 1, . . . , N ñëåäóþùèå ìíîãî÷ëåíû:

wi(z) =
∑

A:Xi∈vln(A)

P(A)z|vln(A)|.

Åñëè ñóùåñòâóåò òàêîé ìíîãî÷ëåí w(z), ÷òî äëÿ ëþáîãî i = 1, . . . , N è ëþáîãî
z > 1 âûïîëíåíî wi(z) 6 w(z), è, êðîìå òîãî, ñóùåñòâóåò òàêîå τ ∈ (0, 1), ÷òî

w

(
1

1− τ

)
6 τ,

òî P
(⋂M

j=1Aj

)
> 0.

39J. Kozik, D.A. Shabanov, �Improved algorithms for colorings of simple hypergraphs and applications�, Journal of
Combinatorial Theory, Series B, 116 (2016), 312�332.
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Ïàðàãðàô 1.4 ïîñâÿùåí äîêàçàòåëüñòâó òåîðåìû 1. Â êà÷åñòâå îñíîâíîãî ìåòî-
äà äîêàçàòåëüñòâà èñïîëüçóåòñÿ ìåòîä ñëó÷àéíîé ïåðåêðàñêè. Â íåì íàñëåäóþòñÿ
èäåè Êîñòî÷êè è Êóìáõàòà îòíîñèòåëüíî äâóõýòàïíîé ïåðåêñðàñêè, èäåè ïîñòðîå-
íèÿ ðàñêðàñêè èç ðàáîòû Êóïàâñêîãî è Øàáàíîâà40, à òàê æå òåõíèêà âåðîÿòíîñò-
íîãî àíàëèçà èç ðàáîòû Êîçèêà è Øàáàíîâà.

Íàêîíåö, â çàêëþ÷èòåëüíîì ïàðàãðàôå 1.5 îáñóæäàþòñÿ óñëîâèÿ óñèëåíèÿ òåî-
ðåìû 1.
Âòîðàÿ ãëàâà äèññåðòàöèè ïîñâÿùåíà îíëàéí ðàñêðàñêàì ãèïåðãðàôîâ. Äàí-

íàÿ ãëàâà ñîñòîèò èç 5 ïàðàãðàôîâ.
Ïàðàãðàô 2.1 äàåò îïðåäåëåíèÿ ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà è îí-

ëàéí ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà. Ãèïåðãðàô H = (V,E) íàçûâàåòñÿ
ïðåäïèñàííî r-ðàñêðàøèâàåìûì, åñëè äëÿ êàæäîãî ïðåäëîæåííîãî ñïèñêà öâåòîâ
L = {L(v) : |L(v)| = r, v ∈ V } (òàêîé ñïèñîê áóäåì íàçûâàòü r-îäíîðîäíûì
âåðøèííûì ïðåäïèñàíèåì), ñóùåñòâóåò ïðàâèëüíàÿ ðàñêðàñêà, ñîîòâåòñòâóþùàÿ
ïðåäïèñàíèþ, ò.å. êàæäàÿ âåðøèíà v ∈ V ðàñêðàøåíà â öâåò èç L(v). Ïðåäïèñàí-
íûì õðîìàòè÷åñêèì ÷èñëîì ãèïåðãðàôà H, χl(H), íàçûâàåòñÿ òàêîå ìèíèìàëüíîå
r, ÷òî H ÿâëÿåòñÿ ïðåäïèñàííî r-ðàñêðàøèâàåìûì.

Îíëàéí àíàëîã ïðåäïèñàííîãî õðîìàòè÷åñêîãî ÷èñëà áûë ïðåäëîæåí â ðàáîòàõ
Øàóöà41 42 è Æó43 è âûãëÿäèò ñëåäóùèì îáðàçîì. Äâà èãðîêà Lister è Painter
èãðàþò â èãðó Game1(H, r) íà çàäàííîì ãèïåðãðàôå H = (V,E) ïðè r > 2. X0

ïîëîãàåì ðàâíûì ïóñòîìó ìíîæåñòâó. Â ðàóíäå èãðû ïîä íîìåðîì i Lister äîëæåí
âûáðàòü íåïóñòîå ìíîæåñòâî âåðøèí Vi ⊂ V \ (X0 ∪ ... ∪Xi−1), à Painter, â ñâîþ
î÷åðåäü, äîëæåí âûáðàòü íåçàâèñèìîå ïîäìíîæåñòâî Xi ⊂ Vi, âåðøèíû Vi, êîòî-
ðûå áóäóò ðàñêðàøåíû â öâåò i. Ïîñëå òîãî, êàê ñûãðàíî i ðàóíäîâ, âñå âåðøèíû
â X1 ∪ ... ∪ Xi ÿâëÿþòñÿ ðàñêðàøåííûìè. Åñëè âåðøèíà v ïðèíàäëåæèò ðîâíî l
ìíîæåñòâàì Vj1, . . . , Vjl, 1 6 j1 < . . . < jl 6 i, òî áóäåì ãîâîðèòü, ÷òî ó v èìååòñÿ l
äîïóñòèìûõ öâåòîâ ïîñëå i ðàóíäîâ. Èãðà çàêàí÷èâàåòñÿ â ñëåäóþùèõ ñëó÷àÿõ:

• åñëè ïîñëå íåêîòîðîãî êîëè÷åñòâà ðàóíäîâ íàéäåòñÿ íåðàñêðàøåííàÿ âåðøèíà
ñ r äîïóñòèìûìè öâåòàìè, òî âûèãðûâàåò Lister;

• åñëè ïîñëå íåêîòîðîãî êîëè÷åñòâà ðàóíäîâ âñå âåðøèíû ÿâëÿþòñÿ ðàñêðàøåí-
íûìè, òî âûèãðûâàåò Painter.

40A.B. Kupavskii, D.A. Shabanov, �Colourings of uniform hypergraphs with large girth and applications�,
Ñombinatorics, Probability and Computing, 27:2 (2018), 245�273.

41U. Schauz, �Mr. Paint and Mrs. Correct�, Electronic Journal of Combinatorics, 16:1 (2009), Research Paper �R77.
42U. Schauz, �A paintability version of the combinatorial nullstellensatz, and list colorings of k-partite k-uniform

hypergraphs�, Electronic Journal of Combinatorics, 17 (2010), Research Paper �R176.
43X. Zhu, �On-line list colouring of graphs�, Electronic Journal of Combinatorics, 16:1 (2009), Research Paper

�R127.
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Ãèïåðãðàô H = (V,E) íàçûâàåòñÿ îíëàéí ïðåäïèñàííî r-ðàñêðàøèâàåìûì, åñëè
ó èãðîêà Painter ñóùåñòâóåò âûèãðûøíàÿ ñòðàòåãèÿ â Game1(H, r)-èãðå. Ìèíè-
ìàëüíîå òàêîå r, ÷òî H ÿâëÿåòñÿ îíëàéí ïðåäïèñàííî r-ðàñêðàøèâàåìûì, íàçû-
âàåòñÿ îíëàéí ïðåäïèñàííûì õðîìàòè÷åñêèì ÷èñëîì è îáîçíà÷àåòñÿ êàê χol(H).
Íåñëîæíî çàìåòèòü, ÷òî èìååò ìåñòî ñëåäóþùàÿ ñâÿçü

χ(H) 6 χl(H) 6 χol(H).

Â ïàðàãðàôå 2.2 ïðèâîäèòñÿ èñòîðèÿ ðàçâèòèÿ è èçâåñòíûå ðåçóëüòàòû çàäà÷è
î ðàñêðàñêàõ ïîëíûõ ìíîãîäîëüíûõ ãðàôîâ è ãèïåðãðàôîâ.

Â ïàðàãðàôå 2.3 ôîðìóëèðóåòñÿ îñíîâíîé ðåçóëüòàò âòîðîé ãëàâû äèññåðòàöèè
� òåîðåìà, óñòàíàâëèâàþùàÿ àñèìïòîòèêó äëÿ îíëàéí ïðåäïèñàííîãî õðîìàòè÷å-
ñêîãî ÷èñëà ïîëíîãî k-îäíîðîäíîãî r-äîëüíîãî ãèïåðãðàôà H(m, r, k).

Òåîðåìà 3. Äëÿ ôèêñèðîâàííîãî 2 6 k 6 r âûïîëíåíî:

χol(H(m, r, k)) = (1 + o(1)) log r
r−k+1

(m) ïðè m→∞. (1)

Ïîäîáíîå àñèìïòîòè÷åñêîå ðàâåíñòâî ñîõðàíÿåòñÿ äëÿ ëþáûõ ôóíêöèé
r = r(m), k = k(m), ò.ê. ln r = o(lnm).

Â ïàðàãðàôå 2.4 ðàññìàòðèâàåòñÿ ñâÿçü ìåæäó îíëàéí ïðåäïèñàííûìè ðàñêðàñ-
êàìè ìíîãîäîëüíûõ ãèïåðãðàôîâ è ýêñòðåìàëüíûìè çàäà÷àìè î ðàñêðàñêàõ ãèïåð-
ãðàôîâ. Ïóíêò 2.4.1 ðàñêðûâàåò èñòîðèþ ñâÿçè çàäà÷è ïðåäïèñàííûõ ðàñêðàñîê
ïîëíûõ ìíîãîäîëüíûõ ãðàôîâ è êëàññè÷åñêîé ïðîáëåìû B - ñâîéñòâà. Â ïóíêòå
2.4.2 ðàññìàòðèâàåòñÿ îíëàéí àíàëîã çàäà÷è î ñâîéñòâå B è ôîðìóëèðóåòñÿ ëåì-
ìà, èãðàþùàÿ âàæíåéøóþ ðîëü â îöåíêå îíëàéí ïðåäïèñàííîãî õðîìàòè÷åñêîãî
÷èñëà.

Ëåììà 1. Ïóñòü n,m, r > 2, r > k > 2 öåëûå ÷èñëà.

1. Åñëè rm < col(n, r, r − k + 1), òî χol(H(m, r, k)) 6 n.

2. Åñëè m > col(n, r, r − k + 1), òî χol(H(m, r, k)) > n.

col(n, r, s) � ýòî òàêîå ìèíèìàëüíîåN , ÷òî Lister èìååò âûèãðûøíóþ ñòðàòåãèþ
â èãðå Game3(N, n, r, s). Èãðà îïðåäåëÿåòñÿ ñëåäóþùèìè ïàðàìåòðàìè:

• n � ìîùíîñòü ðåáåð;

• N � ÷èñëî ðåáåð;

• r � èòîãîâîå ÷èñëî öâåòîâ;
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• s � êîëè÷åñòâî öâåòîâ, êîòîðîå äîëæíî áûòü ïðåäïèñàíî êàæäîé âåðøèíå.

Èãðîêîâ äâîå � Lister è Painter. Çíà÷åíèÿ ïàðàìåòðîâ èçâåñòíû èãðîêàì äî íà÷à-
ëà èãðû. Â êàæäîì ðàóíäå Lister âûáèðàåò îäíó èç âåðøèí ãèïåðãðàôà è ãîâîðèò,
â êàêèõ ðåáðàõ îíà ñîäåðæèòñÿ. Îí íå ìîæåò äîáàâëÿòü âåðøèíû â ðåáðà, êî-
òîðûå óæå ñîäåðæàò n âåðøèí. Painter äîëæåí ïðèïèñàòü çàÿâëåííîé âåðøèíå s
öâåòîâ èç ìíîæåñòâà [r] = 1, . . . , r. Èãðà çàêàí÷èâàåòñÿ, êîãäà âñå âåðøèíû áûëè
âûáðàíû, ò.å. âñå N ðåáåð ñîäåðæàò ðîâíî n âåðøèí. Painter âûèãðûâàåò, åñëè
ïîëó÷èâøååñÿ s-ïîêðûòèå ÿâëÿåòñÿ ïîêðûòèåì r íåçàâèñèìûìè ìíîæåñòâàìè äëÿ
ïîñòðîåííîãî n-îäíîðîäíîãî ãèïåðãðàôà. Â ïðîòèâíîì ñëó÷àå âûèãðûâàåò Lister.
Â ïóíêòå 2.4.3 ôîðìóëèðóþòñÿ îöåíêè äëÿ âåëè÷èíû col(n, r, s). Íîâàÿ íèæíÿÿ
îöåíêà:

Ëåììà 2. Äëÿ âñåõ n > 2, r > s > 1,

col(n, r, s) >
rn−1

sn
. (2)

Òàê æå íîâûì ðåçóëüòàòîì ÿâëÿåòñÿ ñëåäóþùàÿ ëåììà îá îöåíêå ñâåðõó äëÿ
âåëè÷èíû col(n, r, s) â ñëó÷àå s = r − 1 (îíëàéí ïîëíîöâåòíûå ðàñêðàñêè).

Ëåììà 3. Ïóñòü n > r. Òîãäà

pol(n, r) = col(n, r, r − 1) 6 3r(r − 1)2n

(
r

r − 1

)n+1

. (3)

Â ïàðàãðàôå 2.5 äàþòñÿ äîêàçàòåëüñòâà âñåõ ïðåäñòàâëåííûõ ðàíåå ðåçóëüòà-
òîâ.
Òðåòüÿ ãëàâà äèññåðòàöèîííîé ðàáîòû ïîñâÿùåíà çàäà÷å îá àññèìïòîòè÷å-

ñêîì ïîâåäåíèè ñèëüíîãî õðîìàòè÷åñêîãî ÷èñëà â ñëó÷àéíûõ ãèïåðãðàôàõ.
Â ïàðàãðàôå 3.1 ââîäÿòñÿ îñíîâíûå îïðåäåëåíèÿ è ðàññìàòðèâàåìàÿ ìîäåëü.

Îñíîâíûì îáúåêòîì èçó÷åíèÿ òðåòüåé ãëàâû ÿâëÿåòñÿ ñëó÷àéíûé k-îäíîðîäíûé
ãèïåðãðàô â áèíîìèàëüíîé ìîäåëè H(n, k, p), â êîòîðîé êàæäîå k-ïîäìíîæåñòâî
íåêîòîðîãî ìíîæåñòâà èç n âåðøèí âêëþ÷àåòñÿ â H(n, k, p) â êà÷åñòâå ðåáðà íåçà-
âèñèìî îò äðóãèõ ñ âåðîÿòíîñòüþ p ∈ (0, 1).

Â ïàðàãðàôå 3.2 ðàññìàòðèâàåòñÿ èñòîðèÿ äàííîé çàäà÷è.
Â ïàðàãðàôå 3.3 ôîðìóëèðóåòñÿ íîâûé ðåçóëüòàò î íèæíåé îöåíêå ïîðîãîâîé

âåðîÿòíîñòè äëÿ ñèëüíîé r-ðàñêðàøèâàåìîñòè ñëó÷àéíîãî ãèïåðãðàôà H(n, k, p)
ïðè k = 4. Ðàñêðàñêà ìíîæåñòâà âåðøèí ãèïåðãðàôà íàçûâàåòñÿ ñèëüíîé, åñëè
ëþáûå âåðøèíû u 6= v, ëåæàùèå â îäíîì ðåáðå, èìåþò ðàçëè÷íûå öâåòà. Åñëè
ñóùåñòâóåò ñèëüíàÿ ðàñêðàñêà ãèïåðãðàôà H â r öâåòîâ, òî H ÿâëÿåòñÿ r-ñèëüíî
ðàñêðàøèâàåìûì. Ñèëüíûì õðîìàòè÷åñêèì ÷èñëîì ãèïåðãðàôà H, χstr(H), íà-
çûâàåòñÿ òàêîå ìèíèìàëüíîå r, ÷òî H ÿâëÿåòñÿ r-ñèëüíî ðàñêðàøèâàåìûì.
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Òåîðåìà 4. Ñóùåñòâóåò òàêîå r0, ÷òî äëÿ ëþáîãî r > r0 è ëþáîãî c > 0,
óäîâëåòâîðÿþùåãî íåðàâåíñòâó

c <
r ln r

6
− 13

36
ln r − 1

6
− r−1/9, (4)

âûïîëíåíî

Pr

(
χstr

(
H

(
n, 4, cn/

(
n

4

)))
6 r

)
→ 1 ïðè n→∞.

Â ïàðàãðàôå 3.4 ïðîèñõîäèò äîêàçàòåëüñòâî òåîðåìû 4, îñíîâíûì ìåòîäîì äî-
êàçàòåëüñòâà ÿâëÿåòñÿ ìåòîä âòîðîãî ìîìåíòà, ïðè ýòîì ôîðìóëèðóåòñÿ âñïîìîãà-
òåëüíàÿ ëåììà. Â ïàðàãðàôå 3.5 âñïîìîãàòåëüíàÿ ëåììà äîêàçûâàåòñÿ, ãðîìîçä-
êèå âû÷èñëåíèÿ âûíåñåíû â ïàðàãðàô 3.6.

Çàêëþ÷åíèå

Ïåðñïåêòèâû äàëüíåéøèõ èññëåäîâàíèé î÷åâèäíû. Áûëî áû èíòåðåñíî äîïîë-
íèòåëüíî óëó÷øèòü ïîëó÷åííûå îöåíêè ÷èñëà ðåáåð â n-îäíîðîäíîì ãèïåðãðàôå
ñ áîëüøèì õðîìàòè÷åñêèì ÷èñëîì è áîëüøèì îáõâàòîì. Òðåáóþò òùàòåëüíîãî
èçó÷åíèÿ âåëè÷èíû col(n, r, s) èç ïàðàãðàôà 2.3, áûëî áû èíòåðåñíî ïîëó÷èòü ñî-
äåðæàòåëüíûå âåðõíèå îöåíêè äëÿ íèõ. Êðîìå òîãî, â äèññåðòàöèè ïîëó÷åíà íèæ-
íÿÿ îöåíêà òî÷íîé ïîðîãîâîé âåðîÿòíîñòè ñóùåñòâîâàíèÿ ñèëüíîé ðàñêðàñêè â r-
öâåòîâ ó ñëó÷àéíîãî 4-îäíîðîäíîãî ãèïåðãðàôà, â òî âðåìÿ êàê óñèëåíèå âåðõíåé
îöåíêè îñòàåòñÿ îòêðûòîé ïðîáëåìîé.

Áëàãîäàðíîñòè

Àâòîð áëàãîäàðåí ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ ïðîôåññîðó Äìèòðèþ Àëåê-
ñàíäðîâè÷ó Øàáàíîâó çà ïîñòàíîâêó çàäà÷ è íåîöåíèìóþ ïîìîùü â ðàáîòå.
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