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Àêòóàëüíîñòü

Ñëó÷àéíûå ãðàôû - âàæíûé ìàòåìàòè÷åñêèé îáúåêò, ââåäåíûé Ýðäåøåì è
Ðåíüè1. Èçó÷åíèþ èõ ñâîéñòâ ïîñâÿùåí ðÿä ìîíîãðàôèé2,3. Ñëó÷àéíûå ãðàôû
òàêæå èìåþò øèðîêîå ïðàêòè÷åñêîå ïðèìåíåíèå4. Ãðàô Ýðäåøà-Ðåíüè G(n, p),
p ∈ [0, 1], n ∈ N, ñòðîèòñÿ ñëåäóþùèì îáðàçîì. Ââîäèòñÿ ìíîæåñòâî âåðøèí
V = {v1, ..., vn} è íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû Xi,j, 1 ≤ i < j ≤ n, èìåþ-
ùèå ðàñïðåäåëåíèå Áåðíóëëè ñ ïàðàìåòðîì p. Åñëè Xi,j = 1, òî âåðøèíû vi è vj
ñîåäèíÿþòñÿ ðåáðîì. Ïðè ýòîì äëÿ êàæäîé ïàðû n, p ñòðîèòñÿ íîâûé ãðàô (p
îáû÷íî çàâèñèò îò n). Ê ýòîé ìîäåëè áëèçêà ìîäåëü ñëó÷àéíîãî ãðàôà G(n,m),
n,m ∈ N, êîòîðàÿ ïðåäñòàâëÿåò ñîáîé ðàâíîìåðíóþ âûáîðêó èç âñåõ ãðàôîâ
ñ n âåðøèíàìè è m ðåáðàìè. Óêàçàííûå ìîäåëè ÿâëÿþòñÿ êëàññè÷åñêèìè è
âñåñòîðîííå èññëåäîâàíû 5. Äëÿ íèõ áûëè âûÿâëåíû ðàçëè÷íûå àñèìïòîòè÷å-
ñêèå ñâîéñòâà (ò.å. ñâîéñòâà, âûïîëíåííûå ñ âåðîÿòíîñòüþ, ñòðåìÿùåéñÿ ê 1
ïðè n → ∞, ñì., íàïðèìåð, 6), â ÷àñòíîñòè, áûëè íàéäåíû ðàçìåðû íàèáîëüøåé
ñâÿçàííîé êîìïîíåíòû, ðàñïðåäåëåíèå ñòåïåíåé âåðøèí è äèàìåòð ïîëó÷åííîãî
ãðàôà. Ìîäåëü Ýðäåøà-Ðåíüè ÿâëÿåòñÿ ñòàòè÷åñêîé ìîäåëüþ, ò.å. ìîäåëü äëÿ
(n+1)-îé âåðøèíû ñòðîèòñÿ áåç èñïîëüçîâàíèÿ ìîäåëè äëÿ n âåðøèí. Â îòëè÷èå
îò ñòàòè÷åñêèõ ìîäåëåé, â äèíàìè÷åñêèõ ìîäåëÿõ ãðàô íà (n + 1)-îé âåðøèíå
îïðåäåëÿåòñÿ ñ ïîìîùüþ ãðàôà, óæå ïîñòðîåííîãî äëÿ n âåðøèí. Ïðèìåðîì
äèíàìè÷åñêîé ìîäåëè ãðàôà ÿâëÿåòñÿ ãðàô ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ,
ââåäåííûé Áàðàáàøåì è Àëüáåðò7.

Ñ ðàçâèòèåì ìîäåëåé ñëîæíûõ ñåòåé (òàêèõ êàê èíòåðíåò èëè ñîöèàëüíûå ñå-
òè) âîçíèêëà íåîáõîäèìîñòü â ìîäåëÿõ, îáëàäàþùèõ ñâîéñòâàìè, îòëè÷íûìè îò
ñâîéñòâ ìîäåëè Ýðäåøà-Ðåíüè8. Íåñìîòðÿ íà áîëüøîå ðàçíîîáðàçèå ïðàêòè÷å-
ñêèõ ïðèëîæåíèé, â êîòîðûõ èñïîëüçóþòñÿ ñëîæíûå ñåòè9,10, îíè èìåþò ðÿä îá-

1P. Erdos, A. Renyi. On random graphs I. Publ. Math. (Debrecen), 6, 290�297, 1959.
2A. Frieze, M. Karonski. Introduction to Random Graphs. Cambridge University Press, Cambridge, 476 p.,

2016.
3 G. Grimmet. Probability on Graphs. Cambridge University Press, Cambridge, 247 p., 2010.
4 A. Bonato, N. Hadi, P. Horn, P. Pralat, C. Wang. Models of online social networks. Internet Math., 6(3),

285�313, 2011.
5 B. Bollobas. Random Graphs. Second edn. Cambridge Studies in Advanced Mathematics, vol. 73. Cambridge:

Cambridge University Press, 2001.
6Ì.Å. Æóêîâñêèé, À.Ì. Ðàéãîðîäñêèé. Ñëó÷àéíûå ãðàôû: ìîäåëè è ïðåäåëüíûå õàðàêòåðèñòèêè. ÓÌÍ,

70:1(421), 35-�88, 2015.
7A.-L. Barabasi, R. Albert. Emergence of scaling in random networks. Science, 286(5439), 509�512, 1999.
8M.E.J. Newman. Models of the small world. J. Stat. Phys., 101, 819�841, 2000.
9M.A. Abdullah, M. Bode, N. Fountoulakis. Local majority dynamics on preferential attachment graphs. WAW

2015 Proceedings of the 12th International Workshop on Algorithms and Models for the Web Graph, 9479, 95�106,
2015.

10R. Palovics, A.A. Benczur. Raising graphs from randomness to reveal information networks. Proceedings of the
Tenth ACM International Conference on Web Search and Data Mining, 23�32, 2017.
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ùèõ ñâîéñòâ. Îäíèì èç îñíîâíûõ ÿâëÿåòñÿ ñòåïåííîå ðàñïðåäåëåíèå ñòåïåíåé11

âåðøèí1213. Ñóùåñòâóþò ðàçëè÷íûå ìîäåëè, îïèñûâàþùèå ñâîéñòâà ñëîæíûõ
ñåòåé. Â ÷àñòíîñòè, ñòîèò óïîìÿíóòü êîíôèãóðàöèîííûå ãðàôû14, ãðàôû ïåðå-
ñå÷åíèÿ15 è ãðàôû ñ óäàëåíèåì ðåáåð16. Îòìåòèì òàêæå íåäàâíèå ðàáîòû17,18,
â êîòîðûõ èññëåäóþòñÿ ëîêàëüíûå ñâîéñòâà ãðàôîâ ïðåäïî÷òèòåëüíîãî ïðèñî-
åäèíåíèÿ.

Ãðàôû ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ äîñòàòî÷íî õîðîøî îïèñûâàþò ïî-
âåäåíèå ñëîæíûõ ñåòåé19. Ïðîñòåéøàÿ ìîäåëü ïðåäïî÷òèòåëüíîãî ïðèñîåäèíå-
íèÿ ñòðîèòñÿ ñëåäóþùèì îáðàçîì. Èìååòñÿ íà÷àëüíûé ãðàô P1 (äëÿ ïðîñòîòû
îáû÷íî ðàññìàòðèâàåòñÿ ãðàô, ñîñòîÿùèé èç äâóõ âåðøèí è ðåáðà ìåæäó íèìè,
íà÷àëüíûé ãðàô íå âëèÿåò íà àñèìïòîòè÷åñêèå ñâîéñòâà ðàñïðåäåëåíèÿ ñòåïå-
íåé âåðøèí). Çàòåì íà êàæäîì øàãå ïîñòðîåíèÿ äîáàâëÿåòñÿ îäíà âåðøèíà, èç
êîòîðîé ïðîâîäèòñÿ îäíî ðåáðî (â îáùåì ñëó÷àå íåçàâèñèìî äðóã îò äðóãà íà
n-îì øàãå ïðîâîäèòñÿ mn ðåáåð). Âåðøèíà, â êîòîðóþ ïðîâîäèòñÿ ðåáðî, âû-
áèðàåòñÿ èç óæå èìåþùèõñÿ âåðøèí ñ âåðîÿòíîñòÿìè, ïðîïîðöèîíàëüíûìè èõ
ñòåïåíÿì.

Â äàëüíåéøåì áûëè ïðåäëîæåíû ðàçëè÷íûå âàðèàöèè ýòîé ìîäåëè, èñïîëü-
çóþùèå äîïîëíèòåëüíûå ïàðàìåòðû. Ýòî ïîçâîëÿåò ñòðîèòü áîëåå ãèáêèå ìî-
äåëè ñî ñâîéñòâàìè, îòëè÷íûìè îò òåõ, êîòîðûå ïðèñóùè êëàññè÷åñêèì ìîäå-
ëÿì. Â ÷àñòíîñòè, ñòîèò óïîìÿíóòü ïðåäïî÷òèòåëüíîå ïðèñîåäèíåíèå (ò.å. ïðî-
öåäóðó äîáàâëåíèÿ âåðøèíû è ðåáðà) ñ âåñîâîé ôóíêöèåé20, ïîñëåäîâàòåëüíîå
ïðåäïî÷òèòåëüíîå ïðèñîåäèíåíèå21, ïðåäïî÷òèòåëüíîå ïðèñîåäèíåíèå ñ âåñîì

11Çäåñü è äàëåå ïðèõîäèòñÿ èñïîëüçîâàòü ñëîâî ñòåïåíü â ðàçíûõ ñìûñëàõ. Ñòåïåíü âåðøèíû - ýòî ÷èñëî åå
ñîñåäåé (âåðøèí, ñîåäèíåííûõ ñ íåé ðåáðîì). Îïðåäåëåíèå ñòåïåííîãî çàêîíà ðàñïðåäåëåíèÿ ñì., íàïðèìåð,
â12, ñ. 7.

12R. Hofstag. Random Graphs and Complex Networks. Cambridge University Press, Cambridge, 375 p., 2016.
13R. Albert, H. Jeong, and A.-L. Barabasi. Internet: diameter of the world-wide web. Nature, 401, 130�131, 1999.
14Þ.Ë. Ïàâëîâ, Å.Â. Ôåêëèñòîâà. Î ïðåäåëüíîì ïîâåäåíèè ìàêñèìàëüíîé ñòåïåíè âåðøèíû óñëîâíîãî

êîíôèãóðàöèîííîãî ãðàôà. Äèñêðåòíàÿ ìàòåìàòèêà, 28:2, 58�70, 2016.
15M. Deijfen, W. Kets. Random intersection graphs with tunable degree distribution and clustering. Probability

in the Engineering and Informational Sciences, 23:4, 661�674, 2009.
16E. Th�ornblad. Asymptotic degree distribution of a duplication�deletion random graph Model. Internet Math.,

11:3, 289�305, 2015.
17A. Krot, L. Ostroumova-Prohorenkova. Local Clustering Coe�cient in Generalized Preferential Attachment

Models. Internet Math., 2017.
18L. Ostroumova-Prokhorenkova, A. Raigorodskii, P. Pralat. Modularity of complex networks models. Internet

Math., 2017.
19S.-H. Yook, H. Jeong, A.-L. Barabasi. Modeling the internet's large-scale topology. PNAS, 99:22, 13382�13386,

2002.
20K.B. Athreya. Preferential attachment random graphs with general weight function. Internet Math., 4:4, 401�

418, 2008.
21E. Pek�oz, A. R�ollin, N. Ross. Joint degree distributions of preferential attachment random graphs. Adv. Appl.

Probab., 49:2, 368�387, 2017.
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âåðøèí22 è ãåîìåòðè÷åñêîå ïðåäïî÷òèòåëüíîå ïðèñîåäèíåíèå23.

Â äèññåðòàöèè èññëåäóåòñÿ íîâûé âàðèàíò ìîäåëè ãðàôîâ ïðåäïî÷òèòåëüíî-
ãî ïðèñîåäèíåíèÿ. Íà êàæäîì øàãå ðàññìàòðèâàåòñÿ íàáîð èç d âåðøèí, âûáè-
ðàåìûõ ïîñëåäîâàòåëüíî ñ âîçâðàùåíèåì èç óæå èìåþùèõñÿ âåðøèí ñ âåðîÿò-
íîñòÿìè, ïðîïîðöèîíàëüíûìè èõ ñòåïåíÿì. Çàòåì èç ýòèõ âåðøèí ïî îïðåäå-
ëåííîìó ïðàâèëó âûáèðàåòñÿ âåðøèíà, â êîòîðóþ ïðîâîäèòñÿ ðåáðî èç íîâîé
âåðøèíû. Â äèññåðòàöèè ýòî ïðàâèëî áóäåò îñíîâàíî íà ó÷åòå ñòåïåíåé âåðøèí â
óïîìÿíóòîé âûáîðêå. Ìû ðàññìîòðèì äâà ñëó÷àÿ - âûáîð âåðøèíû (èç âûäåëåí-
íûõ âåðøèí) ñ íàèìåíüøåé ñòåïåíüþ è ñ íàèáîëüøåé ñòåïåíüþ. Ïðåäëîæåííàÿ
ìîäåëü ïðåäñòàâëÿåò èíòåðåñ, ïîñêîëüêó äåìîíñòðèðóåò íîâûå àñèìïòîòè÷åñêèå
ñâîéñòâà ðàñïðåäåëíèÿ ñòåïåíåé âåðøèí ãðàôîâ, îòëè÷àþùèåñÿ îò òåõ, êîòîðûå
õîðîøî èçâåñòíû äëÿ êëàññè÷åñêîé ìîäåëè ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ.
Ïðè ýòîì, â îòëè÷èè îò èçâåñòíîé ìîäåëè Ìîðè24, óñòàíîâëåíû òðè ïðèíöè-
ïèàëüíî ðàçëè÷íûõ òèïà àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ìàêñèìàëüíîé ñòåïåíè
âåðøèíû â ãðàôå Pn ïðè n → ∞.

Âûáîð âåðøèíû ñ íàèìåíüøåé ñòåïåíüþ èç d âûäåëåííûõ âåðøèí ìîæåò
ðàññìàòðèâàòüñÿ êàê ðàçâèòèå ìîäåëè ñ âûáîðîì íàèìåíåå çàïîëíåííîé øàðà-
ìè óðíû 25. Â óðíîâîé ìîäåëè äîáàâëåíèå äîëæíîé ïðîöåäóðû âûáîðà ïîçâî-
ëèëî óìåíüøèòü ïîðÿäîê ÷èñëà øàðîâ â íàèáîëåå çàïîëíåííîé óðíå ñ lnn äî
ln lnn. Â äèññåðòàöèè ïîêàçàíî, ÷òî àñèìïòîòè÷åñêèå ñâîéñòâà óðíîâîé ìîäåëè
ïðîÿâëÿþòñÿ è â ãðàôå ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ ñ óêàçàííûì âûáî-
ðîì âåðøèíû ñ íàèìåíüøåé ñòåïåíüþ. Ïðè ýòîì ïîðÿäîê ðîñòà (ïðè n → ∞)
ñòåïåíè âåðøèíû, èìåþùåé ìàêñèìàëüíóþ ñòåïåíü, óìåíüøàåòñÿ ñ n1/2 7 äî
ln lnn ([3]). Ñõîæèé ýôôåêò áûë îáíàðóæåí àâòîðîì ðàáîòû20, ãäå ñ ïîìîùüþ
èñïîëüçîâàíèÿ ñóáëèíåéíîé âåñîâîé ôóíêöèè26 ïîðÿäîê ìàêñèìàëüíîé ñòåïåíè
âåðøèíû â ãðàôå áûë ïîíèæåí ñ n1/2 äî (log n)q, q > 1.

Â îòëè÷èå îò ãëàâû 1, â êîòîðîé âåëè÷èíà d ∈ N áûëà ôèêñèðîâàííîé (è
íåñëó÷àéíîé), äàëåå ìû ðàññìàòðèâàåì ïîñëåäîâàòåëüíîñòü (dn)n∈N íåçàâèñè-
ìûõ îäèíàêîâî ðàñïðåäåëåííûõ ñëó÷àéíûõ âåëè÷èí ñî çíà÷åíèÿìè â N. Äëÿ
ïðîñòîòû îáîçíà÷åíèé áóäåì ñ÷èòàòü, ÷òî d - ñëó÷àéíàÿ âåëè÷èíà ñ òàêèì æå
ðàñïðåäåëåíèåì êàê ó d1 (ìîæíî ñ÷èòàòü, ÷òî â ïåðâîé ãëàâå d - ïîñòîÿííàÿ
âåëè÷èíà, d > 1). Ïðè ýòîì âåëè÷èíà dn, èñïîëüçóåìàÿ äëÿ ïîñòðîåíèÿ ãðàôà
Pn+1 èç ãðàôà Pn, íå çàâèñèò îò íàáîðà ñëó÷àéíûõ âåëè÷èí, ïðèìåíÿåìûõ äëÿ
ïîñòðîåíèÿ ãðàôà Pn. Ýòîò íàáîð áóäåò îïèñàí â ãëàâå 2. Òåïåðü âìåñòî ñòåïå-

22S. Dereich, M. Ortgiese. Robust analysis of preferential attachment models with �tness. Combin. Probab.
Comput., 23:3, 386�411, 2014.

23J. Jordan, A.R. Wade, Phase transitions for random geometric preferential attachment graphs, Adv. Appl.
Probab., 47:2, 565�588, 2015.

24T.F. M�ori. On random trees. Studia Sci. Math. Hungar., 39, 143�155, 2002.
25Y. Azar, A.Z. Broder, A.R. Karlin, E. Upfal. Balanced allocations. SIAM J. Comput., 29:1, 180�200, 1999.
26Äåéñòâèòåëüíàÿ ôóíêöèÿ f(n), n ∈ N, íàçûâàåòñÿ ñóáëèíåéíîé, åñëè f(n) ∼ np ïðè n → ∞, 0 < p < 1.
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íåé âåðøèí ãðàôà Pn ìû áóäåì èñïîëüçîâàòü â ïðîöåññå ïîñòðîåíèÿ ãðàôà Pn+1

ýòè ñòåïåíè, èçìåíåííûå íà íåêîòîðûé ïàðàìåòð β > −1. Òàêèì îáðàçîì, âìå-
ñòî degPn

v, ãäå v ∈ V (Pn), ìû ðàññìàòðèâàåì degPn
v+β. Îãðàíè÷åíèå β > −1

îáåñïå÷èâàåò òî, ÷òî degPn
v + β > 0.

Â ñëó÷àå âûáîðà âåðøèíû ñ íàèáîëüøåé ñòåïåíüþ â çàâèñèìîñòè îò ïàðàìåò-
ðîâ ìîäåëè (÷èñëî β > −1 è ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû d) âîçìîæíû
òðè âàðèàíòà àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ìàêñèìàëüíîé ñòåïåíè âåðøèíû â
ãðàôå. Ïðè Ed < 2+β ìàêñèìàëüíàÿ ñòåïåíü âåðøèíû èìååò ïîðÿäîê nEd/(2+β),
÷òî ñîîòâåòñòâóåò ñòàðäàíòíûì ìîäåëÿì ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ27.
Ïðè Ed > 2 + β ìàêñèìàëüíàÿ ñòåïåíü âåðøèíû ðàñòåò ëèíåéíî ïî n. Ïîõî-
æèé ýôôåêò âîçíèêàåò ïðè ðàññìîòðåíèè ñóïåðëèíåéíîé28 âåñîâîé ôóíêöèè20.
Ïðè ýòîì åñëè â ñëó÷àå ñóïåðëèíåéíîé âåñîâîé ôóíêöèè ïðåäåë ýìïèðè÷åñêîãî
ðàñïðåäåëåíèÿ ñòåïåíåé âåðøèí âûðîæäåí (ò.å. ÷èñëî âåðøèí ëþáîé ñòåïåíè,
îòëè÷íîé îò 1, èìååò ïîðÿäîê, ìåíüøèé n), òî â íàøåé ìîäåëè â ïðåäåëå âîç-
íèêàåò íåâûðîæäåííîå ýìïèðè÷åñêîå ðàñïðåäåëåíèå ñòåïåíåé âåðøèí. Òàêæå â
äèññåðòàöèè èññëåäîâàí ïåðåõîäíûé ñëó÷àé Ed = 2 + β, â êîòîðîì ìàêñèìàëü-
íàÿ ñòåïåíü âåðøèíû èìååò ïîðÿäîê n/ lnn. Òàêèì îáðàçîì, óäàëîñü ïîëó÷èòü
ïîëíîå îïèñàíèå âîçìîæíîãî àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ìàêñèìàëüíîé ñòå-
ïåíè âåðøèíû â ïðåäëîæåííîé íàìè ìîäåëè ñëó÷àéíûõ ãðàôîâ.

Ðåçóëüòàòû è ìåòîäû ðàáîòû [3] ïîëó÷èëè ïðîäîëæåíèå â ðàáîòå Õàñëåãðåé-
âà è Äæîðäàíà29, â êîòîðîé áûë ðàññìîòðåí âûáîð s-îé ïî âåëè÷èíå ñòåïåíè
âåðøèíû èç r âåðøèí äëÿ ïîñòîÿííûõ s è r. Ïðè ýòîì íîâûõ ýôôåêòîâ â ïîâå-
äåíèè ìàêñèìàëüíîé ñòåïåíè âåðøèíû íå íàáëþäàåòñÿ, â çàâñèìîñòè îò ñîîòíî-
øåíèÿ ìåæäó s è r ìàêñèìàëüíàÿ ñòåïåíü âåðøèíû èìååò ëèáî ïîðÿäîê ln lnn,
ëèáî ëèíåéíûé ïîðÿäîê.

Öåëè è çàäà÷è

Öåëüþ ðàáîòû ÿâëÿëîñü èññëåäîâàíèå íîâîé ìîäåëè ïðåäïî÷òèòåëüíîãî ïðè-
ñîåäèíåíèÿ âåðøèí ñëó÷àéíîãî ãðàôà. Â ðàìêàõ ýòîé ìîäåëè ñòàâèëèñü çàäà÷è
óñòàíîâëåíèÿ ïðåäåëüíûõ òåîðåì, îïèñûâàþùèõ êàê àñèìïòîòè÷åñêîå ïîâåäå-
íèå ìàêñèìàëüíîé ñòåïåíè âåðøèíû â ãðàôå, òàê è ÷èñëà âåðøèí ôèêñèðîâàí-
íîé ñòåïåíè.

Ïðè ýòîì èñïîëüçîâàëèñü ñëåäóþùèå äâå ïðîöåäóðû ïðåäïî÷òèòåëüíîãî ïðè-
ñîåäèíåíèÿ âåðøèí:

1) ñ âûáîðîì âåðøèíû, èìåþùåé íàèìåíüøóþ ñòåïåíü,

2) ñ âûáîðîì âåðøèíû, èìåþùåé íàèáîëüøóþ ñòåïåíü.

27T.F. M�ori. The maximum degree of the Barab�asi-Albert random tree. Combin. Probab. Comput., 14:3, 339�348,
2005.

28Äåéñòâèòåëüíàÿ ôóíêöèÿ f(n), n ∈ N, íàçûâàåòñÿ ñóïåðëèíåéíîé, åñëè âûïîëíåíî óñëîâèå
∑∞

n=1
1

f(n) <
∞.

29J. Haslegrave, J. Jordan. Preferential attachment with choice. Random Struct. Algor., 48, 751-�766, 2016.
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Íàó÷íàÿ íîâèçíà

Âñå ðåçóëüòàòû, ïðåäñòàâëåííûå â äèññåðòàöèè, ÿâëÿþòñÿ íîâûìè.

Â ïåðâîé ãëàâå ðàññìàòðèâàåòñÿ ïðèñîåäèíåíèå íîâîé âåðøèíû ê âåðøèíå ñ
ìèíèìàëüíîé ñòåïåíüþ ñðåäè d (îïðåäåëåííûì îáðàçîì) âûäåëåííûõ âåðøèí.
Äîêàçàíî, ÷òî â ðàìêàõ ïðåäëîæåííîé ìîäåëè ìàêñèìàëüíàÿ ñòåïåíü âåðøè-
íû â ãðàôå ñ n âåðøèíàìè ðàñòåò ï.í. êàê ln lnn/ ln d. Äëÿ óðíîâîé ìîäåëè
ñõîæèé ïî ñìûñëó ðåçóëüòàò áûë ïîëó÷åí â ðàáîòå Àçàðà, Áðîäåðà, Êàðëèí è
Óïôàëà26. Ïðè ýòîì åñëè â óðíîâîé ìîäåëè äîáàâëåíèå âûáîðà óðíû óìåíü-
øàåò ïîðÿäîê íàèáîëåå çàïîëíåíîé óðíû ñ lnn äî ln lnn, òî â íàøåé ìîäåëè
ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ ïîðÿäîê ìàêñèìàëüíîé ñòåïåíè âåðøèíû â
ãðàôå óìåíüøàåòñÿ ñ n1/2 äî ln lnn.

Âî âòîðîé è òðåòüåé ãëàâàõ ðàññìàòðèâàåòñÿ ïðèñîåäèíåíèå íîâîé âåðøèíû
ê âåðøèíå ñ ìàêñèìàëüíîé ñòåïåíüþ ñðåäè d âûäåëåííûõ âåðøèí (äëÿ ñëó÷àé-
íîãî d, êàê áûëî îòìå÷åíî íà ïðåäûäóùåé ñòðàíèöå). Äàííàÿ ìîäåëü îáîáùàåò
ìîäåëü, ðàññìîòðåííóþ Ìîðè28. Ïðè ýòîì â ñëó÷àå P(d = 1) = 1 ïîëó÷àåòñÿ
óïîìÿíóòàÿ ìîäåëü äåðåâà ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ. Îñíîâíîå âíè-
ìàíèå íàìè óäåëÿåòñÿ èññëåäîâàíèþ ìàêñèìàëüíîé ñòåïåíè âåðøèíû â ãðàôå
â çàâèñèìîñòè îò ïàðàìåòðîâ ìîäåëè. Äîêàçàíî, ÷òî åñëè Ed < 2 + β, òî ìàê-
ñèìàëüíàÿ ñòåïåíü âåðøèíû èìååò ïîðÿäîê nEd/(2+β) (n - ÷èñëî âåðøèí â ãðà-
ôå), ÷òî ñîîòâåòñòâóåò ñòåïåííîìó ðàñïðåäåëåíèþ ñòåïåíåé âåðøèí, êîòîðîå
øèðîêî èñïîëüçóåòñÿ äëÿ ìîäåëèðîâàíèÿ ñëîæíûõ ñåòåé. Åñëè Ed > 2 + β,
òî â ãðàôå íàéäåòñÿ âåðøèíà, ñòåïåíü êîòîðîé ðàñòåò ëèíåéíî ïî n. Äàííûé
ýôôåêò äëÿ èíûõ ìîäåëåé ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ èññëåäîâàëñÿ â
ðàáîòå Àòðåà20. Â ñëó÷àå Ed = 2 + β ìàêñèìàëüíàÿ ñòåïåíü âåðøèíû â ãðàôå
ðàñòåò êàê n/ lnn. Äàííûé ýôôåêò íå íàáëþäàëñÿ â äðóãèõ ìîäåëÿõ.

Äëÿ ñëó÷àíûõ âåëè÷èí Z1, ..., Zn+1, n ∈ N ðàññìîòðèì ïîðÿäêîâûå ñòàòè-
ñòèêè Z(1) ≤ ... ≤ Z(n+1) (ïîðÿäîê íóìåðàöèè ñîâïàäàþùèõ âåëè÷èí îáúÿñíåí
â ãëàâå 1 íà ñ. 12). Íàçîâåì k-ûì ìàêñèìóìîì, ãäå k = 1, ..., n + 1, âåëè÷èíó
Z(n+2−k), ò.å. max1≤i≤n+1 Zi = Z(n+1). Â ãëàâå 3 ïðè øèðîêèõ óñëîâèÿõ íà âåëè-
÷èíó d äëÿ ñëó÷àåâ Ed > 2+β è Ed < 2+β íàéäåíî äëÿ ëþáîãî ôèêñèðîâàííîãî
k ∈ N àñèìïòîòè÷åñêîå ïîâåäåíèå (ïðè n → ∞) âåëè÷èíû Mk(n), ÿâëÿþùåéñÿ
k-ûì ìàêñèìóìîì äëÿ íàáîðà ñëó÷àéíûõ âåëè÷èí degPn

vi, i = 1, ..., n+ 1. Ãðà-
íè÷íûé ñëó÷àé Ed = 2 + β òàêæå ðàññìîòðåí íà ïðèìåðå ïîâåäåíèÿ ïåðâîãî
ìèíèìóìàM1(n). Óäàëîñü äîêàçàòü, ÷òî äëÿ äîëæíûì îáðàçîì íîðìèðîâàííûõ
âåëè÷èí M1(n) èìååò ìåñòî ï.í. ñõîäèìîñòü ê åäèíèöå, êîãäà n → ∞.

Ïîëîæåíèÿ, âûíîñèìûå íà çàùèòó

Â äèññåðòàöèè äëÿ íîâîé ìîäåëè ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ âåðøèí
ãðàôà ïîëó÷åíû ñëåäóþùèå îñíîâíûå ðåçóëüòàòû.
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1. Óñòàíîâëåíî, ÷òî ìàêñèìàëüíàÿ ñòåïåíü âåðøèíû â ãðàôå ïðåäïî÷òèòåëü-
íîãî ïðèñîåäèíåíèÿ ñ âûáîðîì âåðøèíû íàèìåíüøåé ñòåïåíè èç d âûäåëåííûõ
âåðøèí èìååò ï.í. ïîðÿäîê lnn/ ln ln d, ãäå d - ïðîèçâîëüíîå ôèêñèðîâàííîå
íàòóðàëüíîå ÷èñëî, áîëüøåå åäèíèöû.

2. Äîêàçàíû çàêîí áîëüøèõ ÷èñåë, ìíîãîìåðíûå öåíòðàëüíàÿ ïðåäåëüíàÿ
òåîðåìà è çàêîí ïîâòîðíîãî ëîãàðèôìà äëÿ ÷èñëà âåðøèí ôèêñèðîâàííîé ñòå-
ïåíè â ìîäåëè ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ ñ âûáîðîì âåðøèíû ñ íàè-
áîëüøåé ñòåïåíüþ èç âûäåëåííûõ d âåðøèí (d - ñëó÷àéíîå).

3. Äëÿ êàæäîãî k ∈ N íàéäåíî àñèìïòîòè÷åñêîå ïîâåäåíèå k-îãî ìàêñèìóìà
âåëè÷èí degPn

vi, i = 1, ..., n+1. Îáíàðóæåí íîâûé ýôôåêò ðîñòà ìàêñèìàëüíîé
ñòåïåíè âåðøèíû èññëåäóåìîãî ñëó÷àéíîãî ãðàôà ïðè n → ∞.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü

Äèññåðòàöèÿ íîñèò òåîðåòè÷åñêèé õàðàêòåð. Ðàññìàòðèâàåìàÿ ìîäåëü îáîá-
ùàåò ñòàíäàðòíóþ ìîäåëü ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ. Îíà èìååò äî-
ïîëíèòåëüíûå ïàðàìåòðû, ÷òî ïîçâîëÿåò âàðüèðîâàòü ñâîéñòâà èçó÷àåìûõ ñëó-
÷àéíûõ ãðàôîâ. Ïîëó÷åííûå ðåçóëüòàòû ïðåäñòàâëÿþò èíòåðåñ äëÿ ñïåöèàëè-
ñòîâ (ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà, ÑÏáÃÓ, Ìàòåìàòè÷åñêîãî èíñòèòóòà èìåíè
Â.À.Ñòåêëîâà ÐÀÍ, Ìîñêîâñêîãî ôèçèêî-òåõíè÷åñêîãî èíñòèòóòà, Èíñòèòóòà
ïðîáëåì ïåðåäà÷è èíôîðìàöèè èìåíè À.À. Õàðêåâè÷à ÐÀÍ, Êàðåëüñêîãî Íà-
ó÷íîãî öåíòðà ÐÀÍ è äð.), ðàáîòàþùèõ â îáëàñòè òåîðèè ñëó÷àéíûõ ãðàôîâ.

Ìåòîäîëîãèÿ è ìåòîäû äèññåðòàöèîííîãî èññëåäîâàíèÿ

Äëÿ äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ èñïîëüçóåòñÿ, ãëàâíûì îáðàçîì,
ðàçëè÷íàÿ âåðîÿòíîñòíàÿ òåõíèêà. Ïðèìåíÿåòñÿ òàêæå àïïàðàò ìàòåìàòè÷åñêî-
ãî àíàëèçà ôóíêöèé.

Â ïåðâîé ãëàâå ìû ïðèìåíÿåì ñòóïåí÷àòóþ èíäóêöèþ (layered induction),
òåîðèþ ñëó÷àéíûõ áëóæäàíèé è îöåíêè âåðîÿòíîñòè áîëüøèõ óêëîíåíèé äëÿ
ñóìì íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí. Ìîäåëü, ðàññìàòðèâàåìàÿ â äàííîé ãëà-
âå, òåñíî ñâÿçàíà ñ óðíîâîé ìîäåëüþ.

Âî âòîðîé ãëàâå øèðîêî èñïîëüçóåòñÿ ìíîãîìåðíàÿ ñòîõàñòè÷åñêàÿ àïïðîê-
ñèìàöèÿ äëÿ ïîëó÷åíèÿ íîâûõ ïðåäåëüíûõ òåîðåì. Ñ åå ïîìîùüþ óäàåòñÿ ïðè-
áëèçèòü èññëåäóåìûå ñëó÷àéíûå ïîñëåäîâàòåëüíîñòè íåêîòîðûìè ìàðòèíãàëà-
ìè.

Â òðåòüåé ãëàâå ìû ïðèìåíÿåì îäíîìåðíóþ ñòîõàñòè÷åñêóþ àïïðîêñèìàöèþ,
òåîðèþ ñëó÷àéíûõ áëóæäàíèé è ñòðîèì ðàçëè÷íûå âñïîìîãàòåëüíûå ìàðòèíãà-
ëû äëÿ óñòàíîâëåíèÿ ïðåäåëüíûõ òåîðåì. Â äàííîé ãëàâå øèðîêî èñïîëüçóåòñÿ
ïîíÿòèå âûäåëåííîé âåðøèíû (persistent hub), ñóùåñòâîâàíèå êîòîðîé ïîçâîëÿ-
åò çíà÷èòåëüíî óïðîñòèòü äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ ãëàâû.
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Ñîîòâåòñòâèå ïàñïîðòó íàó÷íîé ñïåöèàëüíîñòè

Â äèññåðòàöèè èçó÷àþòñÿ àñèìïòîòè÷åñêèå ñâîéñòâà ñëó÷àéíûõ ãðàôîâ è
óñòàíàâëèâàþòñÿ ïðåäåëüíûå òåîðåìû, â ñèëó ÷åãî äèññåðòàöèÿ ñîîòâåòñòâóåò
ïàñïîðòó ñïåöèàëüíîñòè 01.01.05 "Òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòà-
òèñòèêà".

Ñòåïåíü äîñòîâåðíîñòè è àïðîáàöèÿ ðåçóëüòàòîâ

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû áûëè ïðåäñòàâëåíû íà ñëå-
äóþùèõ ìåæäóíàðîäíûõ êîíôåðåíöèÿõ:

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ñòóäåíòîâ, àñïèðàíòîâ è ìîëîäûõ ó÷åíûõ
�Ëîìîíîñîâ-2014�, ñåêöèÿ �Ìàòåìàòèêà è ìåõàíèêà� ([4], ñ. 1).

• International Workshop �Probability, Analysis and Geometry�, [5], ñ. 9, 2014 ã.

• Analytical and Computational Methods in Probability Theory and Applications
(ACMPT-2017), [6], ñ. 55.

Ïî òåìå äèññåðòàöèè áûëè ñäåëàíû äîêëàäû íà ñëåäóþùèõ ñåìèíàðàõ ìåõàíèêî-
ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà:

• Áîëüøîì ñåìèíàðå êàôåäðû òåîðèè âåðîÿòíîñòåé ïîä ðóêîâîäñòâîì àêà-
äåìèêà ÐÀÍ, ïðîôåññîðà À.Í. Øèðÿåâà (2018 ã.).

• Ñåìèíàðå �Àñèìïòîòè÷åñêèé àíàëèç ñëó÷àéíûõ ïðîöåññîâ è ïîëåé� ïîä ðó-
êîâîäñòâîì ïðîôåññîðà À.Â. Áóëèíñêîãî (2015-2017 ãã., íåîäíîêðàòíî).

• Ñåìèíàðå �Ýêñòðåìàëüíàÿ êîìáèíàòîðèêà è ñëó÷àéíûå ñòðóêòóðû� ïîä ðó-
êîâîäñòâîì ä.ô.-ì.í. Ä.À. Øàáàíîâà (2016 ã.).

Ïóáëèêàöèè

Îñíîâíîå ñîäåðæàíèå ðàáîòû îïóáëèêîâàíî â 4 ñòàòüÿõ ([1, 2, 3, 7]), èç íèõ 3
âêëþ÷åíû â ìåæäóíàðîäíûå áàçû äàííûõ (Web of Science è Scopus). Èìåþòñÿ
òàêæå îïóáëèêîâàííûå òåçèñû äîêëàäîâ ìåæäóíàðîäíûõ êîíôåðåíöèÿõ [4, 5, 6].

Ëè÷íûé âêëàä àâòîðà

Äèññåðòàíòîì ñîâìåñòíî ñ íàó÷íûì ðóêîâîäèòåëåì ïðîâîäèëèñü âûáîð òå-
ìû, ïëàíèðîâàíèå ðàáîòû, ïîñòàíîâêà çàäà÷è è îáñóæäåíèå ïîëó÷åííûõ ðå-
çóëüòàòîâ. Ðåçóëüòàòû, èçëîæåííûå â ïåðâîé ãëàâå, óñòàíîâëåíû ñîâìåñòíî ñ
ïðîôåññîðîì E. Paquette. Ïðè ýòîì àâòîðîì äèññåðòàöèè äîêàçàíû ëåììà 3
(ñõîäèìîñòü ýìïèðè÷åñêîãî ðàñïðåäåëåíèÿ ñòåïåíåé âåðøèí), ëåììà 4, ëåììà
5 è íèæíÿÿ îöåíêà â òåîðåìå 1. Ðåçóëüòàòû âòîðîé è òðåòüåé ãëàâ ïîëó÷åíû
ëè÷íî àâòîðîì äèññåðòàöèè.
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Ðàáîòà ïî çàâåðøåíèþ äèññåðòàöèè ïðîâîäèëàñü â ñîîòâåòñòâèè ñ òåìàòè÷å-
ñêèìè ïëàíàìè ÍÈÐ Òâåðñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà â ðàìêàõ ïðî-
åêòíîé (�11.1937-2014-Ê, 2014-2016) è áàçîâîé (�3.8032.2017-Á×) ÷àñòåé ãîñó-
äàðñòâåííîãî çàäàíèÿ Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðîññèéñêîé Ôåäåðà-
öèè.

Ñòðóêòóðà äèññåðòàöèè

Äèññåðòàöèÿ îáúåìîì 98 ñòðàíèö ñîñòîèò èç ââåäåíèÿ, òðåõ ãëàâ, çàêëþ÷å-
íèÿ, áèáëèîãðàôèè, ñîäåðæàùåé 89 íàèìåíîâàíèé, è ñïèñêà îáîçíà÷åíèé.

Îñíîâíîå ñîäåðæàíèå ðàáîòû

Âî ââåäåíèå ê äèññåðòàöèè îáñóæäàåòñÿ àêòóàëüíîñòü, íàó÷íàÿ íîâèçíà è
ñòðóêòóðà äèññåðòàöèè, ôîðìóëèðóþòñÿ öåëè è çàäà÷è ðàáîòû, îïèñûâàþòñÿ
òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü è ìåòîäû, èñïîëüçóåìûå äëÿ ïîëó-
÷åíèÿ ðåçóëüòàòîâ.

Â ïåðâîé ãëàâå èññëåäóåòñÿ ìîäåëü ïðåäïî÷òèòåëüíîãî ïðèñîåäèíåíèÿ ñ
âûáîðîì âåðøèíû ñ íàèìåíüøåé ñòåïåíüþ èç d âåðøèí, d ≥ 2, d ∈ N. Ãëàâà ñî-
ñòîèò èç òðåõ ðàçäåëîâ. Â ðàçäåëå 1.1 äàåòñÿ îïèñàíèå ìîäåëè è ôîðìóëèðóåòñÿ
îñíîâíàÿ òåîðåìà ãëàâû.

Ïóñòü degPn - ìàêñèìàëüíàÿ ñòåïåíü âåðøèíû â äåðåâå Pn.
Òåîðåìà 1. Â ðàìêàõ îïèñàííîé ìîäåëè ñëó÷àéíûõ ãðàôîâ ñóùåñòâóåò ñëó-

÷àéíàÿ âåëè÷èíà C = C(ω) òàêàÿ, ÷òî

P
(∣∣∣∣degPn −

ln lnn

ln d

∣∣∣∣ < C äëÿ âñåõ n > 1

)
= 1.

Äîêàçàòåëüñòâî âåðõíåé îöåíêè îñíîâàíî íà èññëåäîâàíèè äèíàìèêè ôóíêöèè

Fn(k) :=
n+1∑
i=1

(degPn
vi)1{degPn

vi ≥ k}, k, n ∈ N,

ðàâíîé ñóììå ñòåïåíåé âñåõ âåðøèí, èìåþùèõ ñòåïåíü íå ìåíüøå k. Ïðè àíàëè-
çå óêàçàííîé ôóíêöèè ìû ïðèìåíÿåì ñòóïåí÷àòóþ èíäóêöèþ (layered induction),
òåîðèþ ñëó÷àéíûõ áëóæäàíèé è îöåíêè âåðîÿòíîñòè áîëüøèõ óêëîíåíèé äëÿ
ñóìì íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí. Äîêàçàòåëüñòâî íèæíåé îöåíêè àíàëî-
ãè÷íî äîêàçàòåëüñòâó äëÿ óðíîâîé ìîäåëè26.

Â ðàçäåëå 1.2 óñòàíàâëèâàåòñÿ ñõîäèìîñòü âåëè÷èí Fj(k) äëÿ ôèêñèðîâàííî-
ãî k, ê âåëè÷èíàì, çàäàííûì ðåêóðñèâíî ïî ôîðìóëàì

α1,d = 1, 2αk,d + (k − 1)αd
k,d = kαd

k−1,d, k > 1.
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Ðåçóëüòàò ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.
Ëåììà 3. Äëÿ ëþáûõ ÷èñåë ϵ > 0, k ∈ N è ôóíêöèè w(n) (íå çàâèñÿùåé îò k
è ϵ), n ∈ N, òàêîé, ÷òî w(n) → ∞ ïðè n → ∞, âûïîëíåíî ñîîòíîøåíèå

P (∃j ≥ w(n) : |Fj(k)− 2jαk,d| > ϵj) → 0, n → ∞.

Èç óêàçàííîé ëåììû ìû òàêæå ïîëó÷àåì ñõîäèìîñòü Nk(n)/n → 2
k(αk,d−αk+1,d)

ï.í. ïðè n → ∞.
Â ðàçäåëå 1.3 ìû çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 1, èñïîëüçóÿ ñòóïåí÷à-

òóþ èíäóêöèþ ïî ïàðàìåòðó k äëÿ ôóíêöèé Fj(k), ïðè ýòîì äëÿ êàæäîãî k ìû
ïîëó÷èì îöåíêè íà Fj(k) äëÿ çíà÷åíèé j, ëåæàùèõ â íåêîòîðîì óìåíüøàþùåì-
ñÿ ñ ðîñòîì k èíòåðâàëå. Ñòîèò îòìåòèòü, ÷òî ãðàíèöû èíòåðâàëà è âåëè÷èíà
k çàâèñÿò îò n, à ïîëó÷åííûå íåðàâåíñòâà áóäóò âûïîëíÿòñÿ ñ âåðîÿòíîñòüþ,
ñòðåìÿùåéñÿ ê 1 ïðè n → ∞. Èòîãîâàÿ îöåíêà áóäåò ñòðîèòñÿ â íåñêîëüêî
ýòàïîâ.

Âíà÷àëå ìû ïðîâåðèì, ÷òî ñïðàâåäëèâû îöåíêè âåëè÷èíû Fj(k), êîòîðûå
óáûâàþò ïî äâîéíîé ýêñïîíåíòå îò k, äëÿ k0 ≤ k ≤ k∗(n) è ϕ(n, k) ≤ j ≤ n, ãäå
ϕ(n, k) ≤ n. Óêàçàííûå îöåíêè ôîðìóëèðóþòñÿ â âèäå äâóõ ëåìì.
Ëåììà 4. Ïóñòü 0 < f(k0) <

1
e2k0

è f(k + 1) = (k + 1)f(k)d äëÿ k ≥ k0. Òîãäà
ñóùåñòâóþò ïîñòîÿííûå c1 > 0 è c2 > 0 òàêèå, ÷òî äëÿ âñåõ j ≥ 0

exp(−c1d
j) ≤ f(k0 + j) ≤ exp(−c2d

j).

Ââåäåì k∗ := ⌈logd logC(n1/2)⌉−1 = ln lnn
ln d +Θ(1), ρ(n) := ⌈(ln lnn)1/3⌉ è ϕ(n, k) :=

⌈ρ(n)Cdk+1⌉.
Ëåììà 5. Åñëè αk0,d <

1
e2k0

, òî ñ âåðîÿòíîñòüþ, ñòðåìÿùåéñÿ ê 1 ïðè n → ∞,

äëÿ âñåõ k0 ≤ k ≤ k∗ è ϕ(n, k) ≤ j ≤ n, âûïîëíåíî íåðàâåíñòâî

Fj(k)

2j
≤ f(k),

ãäå f(k) ôèãóðèðóåò â ëåììå 4, ïðè÷åì f(k0) := (αk0,d +
1

e2k0
)/2.

Äàëåå ìû ïîëó÷èì îöåíêó âèäà Fj(k) ≤ 2j1−β, 0 < β < 1, âûïîëíåííóþ ñ
âåðîÿòíîñòüþ, ñòðåìÿùåéñÿ ê 1 ïðè n → ∞, äëÿ íåêîòîðûõ β = β0 è M > 0
ïðè (ln lnn)M ≤ j ≤ n è k > k∗(n). Óâåëè÷èâ k∗ íà íåêîòîðóþ ïîñòîÿííóþ
âåëè÷èíó (çàâèñÿùóþ òîëüêî îò β0), ìû ìîæåì ñäåëàòü β â óêàçàííîé îöåíêå
ñêîëü óãîäíî áëèçêèì ê 1. Òàêàÿ îöåíêà äîñòèãàåòñÿ ïîøàãîâî, ñ èñïîëüçîâà-
íèåì ñëåäóþùåãî ðåçóëüòàòà.
Ëåììà 6. Åñëè ñóùåñòâóåò ïîñòîÿííàÿ M1 > 0 òàêàÿ, ÷òî ñ âåðîÿòíî-

ñòüþ, ñòðåìÿùåéñÿ ê 1 ïðè n → ∞, äëÿ íåêîòîðîãî k ≤ ln lnn âûïîëíåíî
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íåðàâåíñòâî

Fj(k) ≤ 2(j)1−β, ∀ j : (2 ln lnn)M1 ≤ j ≤ n,

äëÿ íåêîòîðîãî β < 1
d , òî ñóùåñòâóåò ïîñòîÿííàÿ M2 > 0 òàêàÿ, ÷òî ñ

âåðîÿòíîñòüþ, ñòðåìÿùåéñÿ ê 1, ïðè n → ∞,

Fj(k + 1) ≤ 2(j)1−(d−0.5)β, ∀ j : (2 ln lnn)M2 ≤ j ≤ n.

Íàêîíåö, ìû ïîêàæåì, ÷òî íàéäåòñÿ r (çàâèñÿùåå òîëüêî îò β) òàêîå, ÷òî
ïðè k(n)=k∗(n)+r âåëè÷èíû Fj(k(n)+1) ðàâíû Fj0(k(n)+1) ïðè âñåõ j0≤j≤n
ñ âåðîÿòíîñòüþ, ñòðåìÿùåéñÿ ê åäèíèöå ïðè n → ∞. Óêàçàííûé ðåçóëüòàò
ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì.
Ëåììà 7. Ñóùåñòâóþò M = M(β0) > 0 è íàòóðàëüíîå r = r(β0) òàêèå, ÷òî
äëÿ j0 = (2 ln lnn)M ñ âåðîÿòíîñòüþ, ñòðåìÿùåéñÿ ê 1 ïðè n → ∞, âûïîëíåíî

ñîîòíîøåíèå Fj(k∗ + r) = Fj0(k∗ + r) äëÿ âñåõ j0 ≤ j ≤ n.
Ïîñëå ýòîãî îñòàíåòñÿ îáúÿñíèòü, ïî÷åìó ñïðàâåäëèâî óòâåðæäåíèå òåîðåìû 1.

Âî âòîðîé è òðåòüåé ãëàâàõ ðàññìàòðèâàåòñÿ ìîäåëü ñ âûáîðîì âåðøèíû
ñ íàèáîëüøåé ñòåïåíüþ èç ñëó÷àéíîãî ÷èñëà âåðøèí. Ïóñòü d, d1, d2, ... - íåçàâè-
ñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû è β > −1 - íåñëó÷àéíûé
ïàðàìåòð.
Âòîðàÿ ãëàâà ñîñòîèò èç ÷åòûðåõ ðàçäåëîâ. Â ðàçäåëå 2.1 îïèñûâàåòñÿ

ìîäåëü è ôîðìóëèðóþòñÿ óñèëåííûé çàêîí áîëüøèõ ÷èñåë, ìíîãîìåðíàÿ öåí-
òðàëüíàÿ ïðåäåëüíàÿ òåîðåìà è çàêîí ïîâòîðíîãî ëîãàðèôìà äëÿ ÷èñëà Nk(n)
âåðøèí ôèêñèðîâàííîé ñòåïåíè k â äåðåâå Pn, êîòîðûå çàòåì äîêàçûâàþòñÿ â
ïîñëåäóþùèõ ðàçäåëàõ. Äëÿ äîêàçàòåëüñòâà èñïîëüçóåòñÿ ìíîãîìåðíàÿ ñòîõà-
ñòè÷åñêàÿ àïïðîêñèìàöèÿ. Ïðèìåíÿåòñÿ òàêæå àïïàðàò ìàòåìàòè÷åñêîãî àíà-
ëèçà ôóíêöèé.

Â ðàçäåëå 2.2 óñòàíàâëèâàåòñÿ óñèëåííûé çàêîí áîëüøèõ ÷èñåë. Ðàññìîòðèì
Zk(n) = Nk(n)/n, ãäå k, n ∈ N.
Òåîðåìà 5. Ïóñòü Ed < ∞. Òîãäà äëÿ ëþáîãî k ∈ N ñóùåñòâóåò x∗k > 0
òàêîå, ÷òî Zk(n) → x∗k ï.í. ïðè n → ∞.

Â ðàçäåëå 2.3 äîêàçûâàåòñÿ ìíîãîìåðíàÿ öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà.
Ïîëîæèì Wk(n) = (N1(n)/n, ..., Nk(n)/n)

t, ρ∗k = (x∗1, ..., x
∗
k).

Òåîðåìà 6. Ïóñòü Ed2 < ∞. Òîãäà n1/2(Wk(n)− ρ∗k) ñõîäèòñÿ ïî ðàñïðåäåëå-

íèþ ê ãàóññîâñêîìó âåêòîðó ñ íóëåâûì ñðåäíèì è ïîëîæèòåëüíî îïðåäåëåííîé

êîâàðèàöèîííîé ìàòðèöåé Vk.

Ìàòðèöû Vk, k ∈ N, îïðåäåëÿþòñÿ â ïðîöåññå äîêàçàòåëüñòâà.
Â ðàçäåëå 2.4 óñòàíàâëèâàåòñÿ çàêîí ïîâòîðíîãî ëîãàðèôìà.

Òåîðåìà 7. Ïóñòü Ed2 < ∞. Òîãäà äëÿ ëþáîãî k ∈ N ñóùåñòâóþò ìàòðè-

öû Hk è Σk ðàçìåðîì k × k òàêèå, ÷òî ñ âåðîÿòíîñòüþ 1 äëÿ ñîáñòâåííûõ
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âåêòîðîâ wk ìàòðèöû Hk

lim sup
n→∞

( n

ln lnn

)1/2

wt
k(Wk(n)− ρ∗k)

= − lim inf
n→∞

( n

ln lnn

)1/2

wt
k(Zk(n)− x∗k) = (2wt

kΣkwk)
1/2.

Âåëè÷èíû x∗k è ìàòðèöû Hk è Σk îïðåäåëÿþòñÿ â ïðîöåññå äîêàçàòåëüñòâà.
Â òðåòüåé ãëàâå ïîëó÷åíû ðåçóëüòàòû, îïèñûâàþùèå àñèìïòîòè÷åñêîå ïî-

âåäåíèå âåëè÷èí M1(n) ≥ M2(n) ≥ ... ≥ Mk(n) ðàâíûõ k ìàêñèìàëüíûì ñòå-
ïåíÿì âåðøèí â ãðàôå Pn. Ãëàâà îñòîèò èç ÷åòûðåõ ðàçäåëîâ. Â ðàçäåëå 3.1
ôîðìóëèðóþòñÿ äâå òåîðåìû è óñòàíàâëèâàþòñÿ âñïîìàãàòåëüíûå ðåçóëüòàòû,
èñïîëüçóåìûå ïðè äîêàçàòåëüñòâå îáåèõ òåîðåì. Â ðàçäåëå 3.2 äîêàçûâàåòÿ òåî-
ðåìà î ñóùåñòâîâàíèè âûäåëåííîé âåðøèíû, êîòîðàÿ çàòåì ïðèìåíÿåòñÿ äëÿ
äîêàçàòåëüñòâà îñíîâíîé òåîðåìû. Â ðàçäåëàõ 3.3 è 3.4 óñòàíàâëèâàåòñÿ îñíîâ-
íàÿ òåîðåìà äëÿ ñëó÷àåâ k = 1 è k > 1 ñîîòâåòñòâåííî.

Ñôîðìóëèðóåì îñíîâíóþ òåîðåìó ãëàâû. Äëÿ j ∈ N ðàññìîòðèì âåëè÷èíû
mj :=

∑∞
i=j P(d = i)

(
i
j

)
.

Òåîðåìà 8. Ïóñòü âûïîëíåíî óñëîâèå mj < Cj äëÿ íåêîòîðîãî C > 0 è âñåõ

j ∈ N. Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Åñëè Ed < 2 + β, òî äëÿ ëþáûõ ϵ > 0 è k ∈ N

lim
n→∞

P(nEd/(2+β)−ϵ < Mk(n) < nEd/(2+β)+ϵ) = 1.

Åñëè Ed > 2 + β, òî óðàâíåíèå
∑∞

i=1 P(d = i)
(
1− (1− x/(2 + β))i

)
= x

èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå x∗ íà îòðåçêå [0, 1] è

M1(n)

n
→ x∗ ï.í. ïðè n → ∞.

Òàêæå äëÿ ëþáûõ ϵ > 0 è k > 1

lim
n→∞

P(nE(d(1−x∗/(2+β))d−1)/(2+β)−ϵ < Mk(n) < nE(d(1−x∗/(2+β))d−1)/(2+β)+ϵ) = 1.

Åñëè Ed = 2 + β, òî

M1(n) lnn

n
→ (2 + β)2

m2
ï.í., n → ∞.

Äëÿ äîêàçàòåëüñòâà ìû èñïîëüçóåì îäíîìåðíóþ ñòîõàñòè÷åñêóþ àïïðîêñèìà-
öèþ, òåîðèþ ñëó÷àéíûõ áëóæäàíèé è ñòðîèì ðàçëè÷íûå âñïîìîãàòåëüíûå ìàð-
òèíãàëû äëÿ óñòàíîâëåíèÿ ïðåäåëüíûõ òåîðåì. Ïðè ýòîì øèðîêî èñïîëüçóåòñÿ
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ïîíÿòèå âûäåëåííîé âåðøèíû (persistent hub), ñóùåñòâîâàíèå êîòîðîé ïîçâîëÿ-
åò çíà÷èòåëüíî óïðîñòèòü äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ ãëàâû.

Äîêàçàòåëüñòâî ìîæíî óñëîâíî ðàçáèòü íà òðè ÷àñòè

1. Íà÷àëüíàÿ îöåíêà ñíèçó íà âåëè÷èíû M(n).

2. Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ âûäåëåííûõ âåðøèí, íà êîòîðûõ äîñòèãà-
þòñÿ çíà÷åíèÿ M1(n), ...,Mk(n) ìàêñèìóìîâ ðàñïðåäåëåíèÿ ñòåïåíåé âåð-
øèí, íà÷èíàÿ ñ íåêîòîðîãî ñëó÷àéíîãî ìîìåíòà (persistent hub).

3. Èñïîëüçîâàíèå ñóùåñòâîâàíèÿ âûäåëåííûõ âåðøèí äëÿ äîêàçàòåëüñòâà îñ-
íîâíîé òåîðåìû.

Äîêàçàòåëüñòâî òåîðåìû 8 çàíèìàåò 15 ñòðàíèö (30 ñ ó÷åòîì ïåðâûõ äâóõ ïóíê-
òîâ) è îñíîâàíî íà 6 ëåììàõ è ñëåäóþùåé òåîðåìå.
Òåîðåìà 9. Äëÿ ëþáîãî k ñóùåñòâóþò ñëó÷àéíûå âåëè÷èíû N1 ≤ ... ≤ Nk è

K1, ..., Kk òàêèå, ÷òî ñ âåðîÿòíîñòüþ åäèíèöà äëÿ ëþáîãî n ≥ Nk âûïîëíå-

íû ñîîòíîøåíèÿ degPn
vKi

= Mi(n) ïðè i = 1, ..., k è M1(n) > ... > Mk(n) >
degPn

vi ïðè i /∈ {K1, ..., Kk}.
Äîêàçàòåëüñòâî òåîðåìû 9 îñíîâàíî íà 5 ëåììàõ è çàíèìàåò 8 ñòðàíèö.

Çàêëþ÷åíèå

Òàêèì îáðàçîì, â äèññåðòàöèè ïîëó÷åíî ïîëíîå îïèñàíèå âîçìîæíîãî àñèìï-
òîòè÷åñêîãî ïîâåäåíèÿ ìàêñèìàëüíîé ñòåïåíè âåðøèíû â ïðåäëîæåííîé íàìè
íîâîé ìîäåëè ñëó÷àéíûõ ãðàôîâ.

Äëÿ ìîäåëè ñ âûáîðîì âåðøèíû ñ íàèìåíüøåé ñòåïåíüþ óñòàíîâëåíî àñèìï-
òîòè÷åñêîå ïîâåäåíèå ñòåïåíè âåðøèíû ñ ìàêñèìàëüíîé ñòåïåíüþ è íàéäåí ïðå-
äåë ýìïèðè÷åñêîãî ðàñïðåäåëåíèÿ ñòåïåíåé âåðøèí.

Äëÿ ìîäåëè ñ âûáîðîì âåðøèíû ñ íàèáîëüøåé ñòåïåíüþ ïîëó÷åíû ðàçëè÷-
íûå òèïû àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ìàêñèìàëüíîé ñòåïåíè âåðøèíû â çà-
âèñèìîñòè îò ñîîòíîøåíèÿ ìåæäó ïàðàìåòðàìè β è d. Ïðè ýòîì íåêîòîðûå
èç óñòàíîâëåííûõ ñâîéñòâ íå íàáëþäàëèñü â äðóãèõ ìîäåëÿõ. Òàêæå äîêàçàíû
çàêîí áîëüøèõ ÷èñåë, ìíîãîìåðíàÿ öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà è çàêîí
ïîâòîðíîãî ëîãàðèôìà äëÿ ÷èñëà âåðøèí ôèêñèðîâàííîé ñòåïåíè.

Äîêàçàííûå ðåçóëüòàòû ìîãóò íàéòè ïðèìåíåíèå ïðè ìîäåëèðîâàíèè ðàç-
ëè÷íûõ ñëîæíûõ ñåòåé, â ÷àñòíîñòè, ñåãìåíòîâ èíòåðíåòà è ñîöèàëüíûõ ñå-
òåé. Â äàëüíåéøåì, ïðåäñòàâëÿëî áû èíòåðåñ èññëåäîâàíèå è äðóãèõ êëàññîâ
ñëó÷àéíûõ ãðàôîâ, îáëàäàþùèõ àñèìïòîòè÷åñêèìè ñâîéñòâàìè, àíàëîãè÷íûìè
âûÿâëåííûì â äèññåðòàöèè.

Áëàãîäàðíîñòè

Àâòîð ïðèçíàòåëåí ñâîåìó íàó÷íîìó ðóêîâîäèòåëþ ïðîôåññîðó Àëåêñàíäðó
Âàäèìîâè÷ó Áóëèíñêîìó çà ïîëåçíûå îáñóæäåíèÿ è öåííûå çàìå÷àíèÿ.

14



Ðàáîòû àâòîðà ïî òåìå äèñåðòàöèè

Íàó÷íûå ñòàòüè, îïóáëèêîâàííûå â æóðíàëàõ Web of science, SCOPUS, RSCI

[1] Y. Malyshkin. Preferential attachment combined with the random number of
choices// Internet Math. � 2018. - Vol. 1. � �1. � P. 1�25.

[2] Y. Malyshkin, E. Paquette. The power of choice combined with preferential
attachement// Electron. Commun. Probab. � 2014. � Vol. 19. � �44. � P. 1�13.
Â ðàáîòå [2] äèññåðòàíòó ïðèíàäëåæàò ëåììà 3.2, ëåììà 4.2 è ëåììà 6.2.

[3] Y. Malyshkin, E. Paquette. The power of choice over preferential attachment//
ALEA, Lat. Am. J. Probab. Math. Stat. � 2015. � Vol. 12. � �2. � P. 903�915.
Â ðàáîòå [3] äèññåðòàíòó ïðèíàäëåæàò ëåììà 3.1, ëåììà 3.2, ëåììà 3.3 è
íèæíÿÿ îöåíêà â òåîðåìå 1.1.

Òåçèñû äîêëàäîâ íà íàó÷íûõ êîíôåðåíöèÿõ

[4] Þ.À. Ìàëûøêèí. Ìîäåëü ïðåäïî÷òèòåëüíîãî âûáîðà ðåáåð äëÿ ãðàôà ñ
ðàñòóùèì ÷èñëîì âåðøèí// Ìàòåðèàëû Ìåæäóíàðîäíîãî Ìîëîäåæíîãî
íàó÷íîãî ôîðóìà �Ëîìîíîñîâ-2014�, Ìîñêâà, 7-14 àïðåëÿ 2014. � c. 1.

[5] Y. Malyshkin. High degree vertices in the preferential attachment model
with choice// International Workshop �Probability, Analysis and Geometry�,
Lomonosov Moscow State University and Ulm University, Moscow, September
30 - October 4, 2014. � Abstracts of communication. � p.9.

[6] Y. Malyshkin. The number of vertices of �xed degree in the preferential
attachment model with choice// Internetional Conference �Analytical and
Computational Methods in Probability Theory and its Applications - ACMPT-
2017 �, Moscow, October 23-27, 2017. Proceedings. � P. 55�59.

Èíûå ïóáëèêàöèè

[7] Y. Malyshkin. High degree vertices in the power of choice model combined
with preferential attachment// Herald of Tver State University, Series: Applied
Mathematics. � 2017. � no. 1. � P. 31�43.

15



Òåõíè÷åñêèé ðåäàêòîð À.Â. Æèëüöîâ
Ïîäïèñàíî â ïå÷àòü 26.09.2018. Ôîðìàò 60 84 1/16.

Óñë. ïå÷. ë. 1,0. Òèðàæ 100 ýêç. Çàêàç �488.
Òâåðñêîé ãîñóäàðñòâåííûé óíèâåðñèòåò
Ðåäàêöèîííî-èçäàòåëüñêîå óïðàâëåíèå

Àäðåñ: Ðîññèÿ, 170100, ã. Òâåðü, óë. Æåëÿáîâà, 33.
Òåë. ÐÈÓ: (4822) 35-60-63.


